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1 Introduction

Proof assistants such as Lean [13], Matita [3] and Rocq [5] are based on rich dependent type theories
(DTTs) [21], whereas most state-of-the-art automated theorem provers are based on first order
logic (FOL) or higher order logic (HOL) [16]. This makes it difficult to develop hammer systems for
these proof assistants. For example, the CoqHammer [12] and the LeanHammer [27, 38] use an
unsound translation, which is not entirely satisfactory.

The expressivity gap between dependently typed proof assistants and automated provers has
shrunk with the emergence of dependently typed HOL (DHOL) [31, 33], along with DHOL specific
automated theorem proving techniques. In particular, the Lash [22] prover is an extension of the
HOL based Satallax [7] tableau prover to DHOL. Moreover, there exists a sound and complete
translation from DHOL to HOL [31, 33], which can be used in a hammer.

Nevertheless, there is still a substantial gap between DTT (Section 2) and DHOL (Section 3).
Both are based on A-calculi and support types that depend on terms. Examples of dependent types
include the integers modulo n and the vectors of length n. A distinguishing feature of traditional
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2 L. Maio et al.

DTT is its reliance on the Curry-Howard correspondence: propositions are represented by types,
and proofs are represented by terms. Types themselves have types, which are called universes. Even
universes can have types, forming a possibly infinite universe hierarchy. DTT is fundamentally
intuitionistic but can be extended with classical axioms. The DTTs implemented by Lean, Matita
and Rocq are intensional: they use a weak, computational notion of equality for checking types,
ensuring that type checking is decidable, or, in Lean’s case, almost decidable in practice.

By contrast, DHOL is an extension of classical HOL, which itself is a polymorphic generalisation
of Church’s simple theory of types [9]. DHOL has a distinguished type of booleans, and propositions
are terms of that type. Types cannot have types, and proofs are not represented within the logic.
DHOL is extensional: it uses standard equality for type checking, at the expense of decidability.
Due to the lack of higher universes, DHOL is theoretically weaker than DTT with classical axioms,
but its closeness to HOL leads us to believe that it is more amenable to automated reasoning.

To bridge the expressivity gap between the two logics and give proof assistant users access to
automatic provers, we introduce a translation from a fragment of DTT to DHOL (Section 4). The
fragment is restricted to three universes and supports only rank 1 (i.e. top level) polymorphism.
The translation is designed to preserve the structure of DTT expressions. In particular, it maps
polymorphism to polymorphism and dependent types to dependent types. Based on experience with
other translations between logics [6, 12, 20, 27], we hypothesise that such a lightweight translation
will lead to more efficient automated proving.

The translation is sound, in the sense that if a translated DTT3 proposition is provable in DHOL,
the original proposition is provable in DTT3 (Section 5). We believe that the translation is also
complete, but proving this is left for future work.

Although the translation does not natively support advanced features such as inductive definitions
[25] and quotient types [10], it still constitutes a large part of DTT as used in practice. Many DTT
formalisations require no more than three universes, higher rank polymorphism is uncommon,
and inductive definitions can be axiomatised as a pre-processing step [27]. Indeed, in an empirical
evaluation, we find that nearly half of the theorem statements in Lean’s Mathlib library [19], where
we instantiate all universe variables with 0, fall within the translatable fragment (Section 6). For
this evaluation, we rely on a tool, the ‘fragment checker’, which we developed in Lean.

Our main contributions are the following:

— We designed a translation from an expressive fragment of DTT to DHOL.

— We proved this translation sound.

— We implemented a checker for the fragment.

— We evaluated the fragment’s practical relevance using the checker on Lean’s Mathlib library.

2 Dependent Type Theory

We describe a fragment of full DTT as presented by Carneiro [8], which is a version of the calculus
of inductive constructions. We call it DTT3, or ‘DTT with three universes’. We will later identify a
fragment of DTT3 as the domain of our translation.

As a basis, we use a pure type system [4] with

sorts S = {Ug, Uy, Uy}
axioms A = {(Ug : Uy), (Uy : Uy)}
rules R = {(U;, Uj, Uimax(i,j)) | 0 <, j < 2}
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Table 1. Abbreviated notations

Abbreviation Expansion

—
(4 €1,...,6pn

- =

€ :a e1:0,...,en: 0y
—

€ :a e1:a,...,ep:
Ve Ve = Vapa,
’17’:7 Axar = Ay

where imax is defined as follows:
) . max(i,j) if j>0
imax(i, j) = ]
0 if j=0
We then add signatures, which are a device to enable global definitions for constants, and an

axiomatisation of equality.
Table 1 summarizes abbreviations that we use throughout. We use x, y, z to refer to variables,

a, b for expressions without variables and ¢ to refer to constants. Sometimes we write X" instead
of X to indicate the number of components. The abbreviations regarding V or A can include the
cases where n = 0; a notation such as V- — 8 then denotes 8. Moreover, we write f ¢ to denote an

iterated curried application.
The syntax of expressions and contexts is given by the following grammar:

tx=0]1]2
ex=x|c|U | Veee | ee| Agce
Fi=o|l,x:e
The syntax of signatures 7~ is given by the following grammar:
T o=.1T,(ce) | T,(cee)

Signatures formalise global definitions of constants c. Constants can be declared either only with
a type a, which we write as (c, @), or additionally with a value e, which we write as (c, «, ).

The typing rules of DTT3 follow:

T+ U, T+ : I'r : U
7a 7e ’BWeak $Assume
Ix:arre:p Ix:artyx:a
—————Univo ———Univ1
otq Ug: Ug ortq Up: U,
F'rrer:Veof Trre:a ILx:arge:p
Apply AForm
Ty eper: flex/x] Tkr Acae : Viaf
IF'rtra:Uy Tx:argf:U, l'tye:a Trra=p
VForm Conv
'y Vx:ozﬂ : Uimax((’l,t’Z) Frye: ﬁ
ConstTy

orgc:TY(c)
where 7% (c) looks for an entry in 7~ with ¢ as the first component and returns the second
component of the entry if it exists. Later we will also use 7¥2!(c) to refer to the same lookup but

returning the third component if it exists.
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4 L. Maio et al.

We sometimes write P for U;. We also sometimes write « — f for function types instead of
V.« f Wwhen f does not depend on the argument x.

We use = to denote definitional equality [8], including f-, §- and n-conversion. We also assume
proof irrelevance (PI) regarding P, meaning that the following holds:

Trtyep:P Tryh:p Treh ip
F'rtr-h=HW
By e;[ez/x] we denote the capture avoiding substitution of e; for x in e;. If it is clear which
variable is replaced, we simply write e;[ez].
We add the following rules for the axiomatisation of propositional, or provable, equality following
Angiuli and Gratzer [2]:

Pl

I'bq a type
Tryra:a F'tyb:a I' kg a type ltqa:a
EqForm Eqlntro
Trra=4b:P TFryrefl,:a=4a

[ kg a type F'tyra:a Trrb:a
Trepia=4b Lx:ay:an:x=yryrQ:U; I,x:atrq R:Q[x, x, refly]

't J(Rp) : Qla b, p]
where (R, refl;) = R[a] for any a : @. Using EqInd, we can then define

Eqind

cast : Ve .0,V ra=, g0 = B.

We omit the type arguments of cast whenever they can be inferred from the context.
We define the following judgements for types, contexts and signatures:

I'rqa: U
I'k atype EE—
I'bq a type
T sig Fq T ok I' k7 a type
kg o ok

oI, x : a0 ok

- T sig  tg atype FT sig tqatype Fre:a
e ~ .
- Sig FT, (¢, a) sig FT,(c,a,e) sig

where ¢ must be a fresh name and for technical reasons may not have a name of the form ¢, for
any name c.

3 Dependently Typed Higher Order Logic

We now present our translation’s target language, polymorphic DHOL [31], a generalisation of
DHOL [33]. Unless otherwise specified, by DHOL we mean the polymorphic variant. DHOL consists
of a HOL basis, except that the function type A — B is replaced by a dependent type I1,.4 B, where
x may occur freely in B. Furthermore, there exists a sound and complete translation to HOL [31, 33],
which enables automated theorem proving using existing efficient HOL provers.

We present the syntax and rules mainly following Ranalter et al. [31] and add some rules omitted
there following Rothgang et al. [32, 33]. We also adapt theories slightly following Rabe [28]. We
further add names to axioms and local assumptions following Rothgang et al. [33]. Finally, we index
the v construct used in the substitutions for formulae by the formula they replace. These changes
are needed because we want the translation function to be injective in the soundness proof.

The syntax of DHOL theories, contexts, substitutions, types and terms is given by the following
grammar:
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theories T == .| T,a:IIp : type | T,c : IIpA | T, c > IIpF
o|T,a:type |I,x:A|T,x>F
ol Aly.t|y. v

aA T |a|TuuB|o

contexts I, A

substitutions y ::

types A B :

¢A x| deat [tu| Fo Gl t=gu

The type o denotes the booleans, and terms F : o are also called formulae (or propositions). We
call (polymorphic) formulae asserted in theories, written ¢ > IIpF, global assumptions, and we call
(monomorphic) formulae asserted in contexts, written xt> F, local assumptions. We use the shorthand
notation IL, - B to mean Il .4, ...Ily,.4,B, and, as in DTT3, n = 0 is allowed, in which case the
notation degenerates to B. Theories denote global declarations similar to signatures in DTT3. For
substitutions, vF is the ‘term’ that may be substituted for a local assumption x 1> F if and only if F is
provable. Note that type is not itself a type. We write t; [t,/x] and #;[#;] to denote capture avoiding
substitution. Again, we sometimes write A — B instead of I1,.4 B when B does not depend on x.

Finally, F = G is a dependent implication. This means that to type-check ' v F = G : o,
we need to type-check I Fr F : 0 as usual but may assume that F is true when type-checking
G, so we need to prove I,x > F Fr G : o. This makes it possible to state formulae such as
I'ta=4b= fa=p[ f bfor some type A, a type family B and a dependent function f : I1.4B,
since the truth of a =4 b may be assumed during type checking. DHOL being an extensional logic,
it has only one kind of equality instead of distinguishing between definitional and propositional
equality as is done in DTT3. As a result, under the assumption that a =4 b, the types B[a] and B[b]
can be unified directly, without needing to add constructs such as DTT3’s cast. On the other hand,
this means that type checking in DHOL is undecidable. This is considered tolerable because the
primary use case of DHOL, automated theorem proving, is undecidable regardless.

We define the remaining logical connectives and quantifiers following Andrews [1] and Rothgang
et al. [33]:

terms t,u, F,G :

T = (AroX) =00 (Axi0X)
L 1= (AxoX) =00 (AxioT)
-F:=F=, 1

VaaF = AeaF =450 AxaT

o F i= ~Vypu—F

FAG :=~(F = -G)

FvG:=-F=G

where F and G are formulae.
The inference rules for well formed theories T are as follows:

F T Thy a¢T Fr A Ctx

FTTh ThyEmpt ThyT,
F.Thy yEmPYY FT,a:1Ip : type Thy P

+TThy c¢T Arr A:type + T Thy c¢T Arr F:o
ThyCon ThyAsn
FT,c:IIpA Thy F T,c> IIpF Thy

The rules for contexts are given on the left hand side below, and those for substitutions for them
are given on the right hand side:
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6 L. Maio et al.

T Thy Fr I' Ctx
— CtxEmpty — SubEmpty
tr o Ctx Trtroe—e
Fr A Ctx Trr A& T A:type
et CtxTp L r Yp SubTp
Fr A, a : type Ctx Ity Ao :type « 6, A
Tbr A&
tr A Ctx AFr A type A v A:type Frrt:A[S
r 4 Yp CtxVar r Yp r [ ]SubVar
Fr A, x : ACtx F'rtr A x: A« 6t
Trr A 19}
Fr A Ctx Avrp F:o Avrp F:o T'+r F[6
T ’ CtxAsn r v Fl ]SubAsn
tr A, x > F Ctx Trr A x> F «— 6,VF

The rules for looking up a type, term or assumption in a theory are given on the left hand side, and
the corresponding rules for lookup in a context are given on the right hand side:

+r I Ctx Trr A6 +r I Ctx
a:Ilp :typein T a:typeinT
I'br A:type ATYP TpSym LTpVar
I'trad:type I'broa:type
1 I' Ctx T'rtr A& 1 I'Ctx
c:IIpABinT x:AinT
TermSym —TermVar
I‘I-TC(S:B[5] Frrx:A
tr I Ctx Trr A6 tr I Ctx
c>IIAFinT x> FinT

ValidSym — —  ValidVar
Tkr F[&] I'tr F

The rules for the formation and the terms of booleans are as follows:

+r I Ctx T'brt:A Trru:A
——  TpBool TermEq
I'bro:type T'brt=4u:o

T'tr F:o x> Frr G:o
I''r F=G:o

Type formation, A-abstraction and application are defined as follows:

TermImpl

I'kr A:type I'tr A:type
Ix:Avrr B:type I'x:Avrrt:B
P TpPi TermLambda
I'br ILeaB : type [ br Axat o TaB

Crpt:IeaB Trtru:A
Trrtu: Blu]
The type equality judgement is defined by the following rules:

7 I Ctx a:typeinT

IF'tra=a

TermApply

+r I Ctx
Trr §=p 6 a:atypein T tr I Ctx
0= A, P TpEqSym T—TquBool
T'trad=ald Trro=o
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T'brt:A
FFTAEA’ I‘,XZAI-TBEB/ FFTAEA/
i TpEqPi ——TermConvert
r kT l_Ix:AB = Hx:A’B T Fr b A

where I' -1 § =5 §” abbreviates the component-wise provable equality of two substitutions for A.
The following rules were omitted by Ranalter et al. [31], so we adapt them from Rothgang et

al. [32, 33]:

T b1 Acat i TlaB
I'rru:A

'ty (Aat) u =Blu] t{u]

TermBeta

Trrt:11.4B

xnotinT
TermEta

I'brt =M,.4B As:at X

T'rr A=A Trrt=4t
T,x:Abpt=pt Trr f=n..5f
-~ConglLambda S Zrtea ],C -CongApply
T b Axat =148 Axart Crr ft=p [t
I'brt:A F'krt=as 'ty F = F FI-TF/
—Refl —Sym 2 CongValid
T'brt=at F'btrs=at Trr F
ILx>Frr G T'rr F=G C'rr F
——— Implintro MP
F'rr F=G F'rr G

Finally, it is possible to add the following rule for boolean extensionality:

Trpt: 100 Tkt L Trrt T

BoolExt

Ix:obrtx

If we add this rule, then a suitable rule for the law of the excluded middle, propositional extension-
ality, function extensionality, as well as suitable axiomatisations of the empty type, the singleton
type, the product and the co-product, are needed in DTT3 to guarantee the translation’s soundness.

The main differences between DHOL and DTT3 can be seen even more clearly when looking at
an alternative presentation of DHOL, also as an extension of a pure type system. DTT3 features nine
possible combinations for the rule VForm. HOL can be viewed as the pure type system with sorts
{0, type, kind}, axioms { (o : type), (type : kind) } and rules {(o, 0, 0), (type, 0, 0), (type, type, type) }
[15]. DHOL then allows for formations (type, kind, kind) in theories and adds the three rules for
polymorphism, restricted to rank 1 and also to theories. This then leaves the rules (o, type, type)
and (o, kind, kind), which DHOL does not support. These two rules would correspond to abstraction
over proof obligations and enable functions with pre-conditions [28].

Full DTT is further strictly stronger than DHOL. This is due to the former’s infinite universe
hierarchy, which allows for the same strength as classical set theory, specifically Zermelo-Frankel
set theory with choice, with inaccessible cardinals [36]. By contrast, DHOL has the same strength
as HOL by the existence of a sound and complete translation. HOL, in turn, is subsumed by the
calculus of constructions, which can be expressed in set theory without additional cardinals [36].

We believe that DHOL lends itself well to automated theorem proving, due to its extensionality
and because it resembles HOL, for which reasonably strong proof automation has become available
recently [34]. This might enable a term rewriting based proof strategy such as superposition, which
is highly successful in FOL and HOL, to be implemented in DHOL and achieve high success rates.
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8 L. Maio et al.

4 The Translation

Here we present our translation from DTT3 to DHOL. The main difficulty in defining it is to map
the expressions of DTT3 to either DHOL types or DHOL terms depending on the situation. We
achieve this through the definition of several mutually recursive translation functions.

There are dedicated functions for translating signatures to theories and DTT3 contexts to DHOL
contexts. For DTT3 expressions, however, there are four functions: one for expressions that are
‘type like’, meaning expressions that, once supplied with all arguments, are of type U;; one for
expressions that are ‘term like’, meaning expressions that, once supplied with all arguments, are of
some type, that in turn is of type Uy; one to translate applications; and one to translate arguments
of constants, which is nearly identical to the previous function but also translates proof terms,
yielding a DHOL term, type or v/, where the latter are the stand in for proof terms in DHOL.

Another important aspect is the transition from intensional to extensional equality. We remove
all casts from expressions, since they are not needed in the extensional setting. However, since
type checking DTT3 expressions is necessary in some cases of our translation, we cannot simply
erase all of them immediately, since they might be necessary at some point. Therefore we need to
integrate cast erasure with the translation.

Definition 4.1. Let ' be a DTT3 context and 7~ be a DTT3 signature. Then:

- [ ﬂapp maps DTT3 expressions to DHOL types or terms,
- [ ﬂexp maps DTT3 expressions to DHOL substitution components,
- [ ﬂ maps DTT3 expressions a where I' 4 & : V- —U; to DHOL types,
- [ ﬂter maps DTT3 expressions e where I' Fqe : V_, 73»0( andT Fq « : U; to DHOL terms,
- [

Slg maps DTT3 signatures to DHOL theories and
- [']Z, maps DTT3 contexts to DHOL contexts.

Moreover, we introduce the function rmc, which takes a DTT3 expression and if it is of the form
cast p e it replaces it by e. Finally, we let [- ]]tyO = Hg o rmc and [- ]]terO [ ﬂter o rmc.

. - .
c [[t]]eXP if e=c t and ¢ # cast is a constant

. —
[[61]]app [[62]]app if e =e; e;and e; # ¢ t for some constant ¢
Heﬂapp [[e]]tyo ifTkye: V22U

and e = cast p e, or e is not an application

[[e]]tero ifl“kq—ezv?:?a withT F o : Uy

and e = cast p ey or e is not an application

. — :
c [[t]]exp if e=c t and c # cast is a constant

. —
[[el]]app [[ez]]app if e=e; e;ande; # ¢ ¢ for some constant ¢
andnotT'+tge:awithT Fqa: P
[[eﬂ _ [[e]]tyo iflryre:Vo2U;
xp and e = cast p e, or e is not an application

[[e]]ter() lf r '_'7— e: v??a Wlth T l—'7' a . Ul
and e = cast p e; or e is not an application

v ifT+tre:awithT Fqa: P

Tr
HD{]] ter0

, Vol. 1, No. 1, Article . Publication date: July 2018.



From Dependent Type Theory to Dependently Typed Higher Order Logic (Technical Report) 9

a if a is a variable or a constant
0 ifa=P
[[a]]z;f - [[aﬂz;;g ifa=0 a
Hx:[[a 17 [[ag]]tyor T @ = Vg @2
T ife=T
1 ife=1
if e is a variable or a constant different from the above
[[el]]tero o [[ez]]tero if e =¢ 0e; witho € {A,V}
_‘[[elﬂtero if e = —e;
[[e]]ter = [[61]]2;1(; el [[62]];:;1(; if e = (e1 =¢ €2)
[e]ZE app if e is an application different from the above
A a7 [[el]]te TLxa if e = A1
x:[[a]]g;ﬂr [[elﬂtero if e = 3,06
V. a7 [[el]];:;g’x:“ ife=Vyqe; withl kg a: fand £ P
[a]7E = [e]7E if e =Vyqe; withT Fga : P
o ifT=o
7 Ctx,x : type ifT=T",x:U;
1%, = {17, Ctx,x~o fr=r,x:P

, XD e 1 =I",x:ewithe:
(L [H]m if [ =T ith e : P
[r ctx’x:[[e]]ty ifT=T",x:ewithe#Pande: U

. if7 =.
[77, (¢, @)]sig: cval > € a1 [[e]]z;r if 7T =7",(c,a, e)
(7 lsig = [77 Dsig> ¢ > A [[e]]ze}r’A if T =7",(c,Vae) withe : P
[7"Isig: ¢ : I[a]., : type if 7 =77,(c,YaUy)
(7" Isigs € : T[] [[a]}TrA if 7 =797, (c,Vaa) with a : Uy

The annotations on some of the translation functions with a context and signature are necessary
for the definition, but we omit them when they can easily be inferred.

The translation functions for DTT3 expressions inspect them without f-, §- or y-normalisation.
The definition of [-]ie, includes cases for T, L, A, V, = and 3, which are not built into DTT3, and maps
these to the corresponding DHOL constructs. We expect that preserving the DTT3 expressions’
original structure will facilitate more efficient theorem proving on the resulting DHOL formulae.

The use of multiple translation functions is necessary to ensure that certain expressions get
translated to DHOL terms and others to DHOL types. This is especially relevant for dependent
function types, which may be viewed as either (dependent) implications, meaning terms, or as
dependent function types in DHOL, depending on the context.

Due to the differences between DTT3 and DHOL we have pointed out at the end of Section 3,
we also restrict the translation’s domain. We define the translatable fragment by excluding higher
rank polymorphism, enforcing all constants to be fully applied and disallowing A-abstractions over
propositions, as well as the corresponding function types. The last restriction is necessary because
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10 L. Maio et al.

DHOL supports abstraction over proof obligations and polymorphism only in theories, so we need
to restrict them accordingly and make sure proof terms only occur as arguments to constants.

Definition 4.2 (Translatability). Given a DTT3 signature 7 and a DTT3 context I', we define
(7°,T)-pre-translatability of a DTT3 expression e inductively:
(1) Pis (7,T)-pre-translatable.
(2) variables, constants c are (7, T')-pre-translatable, if T kg ¢ : @, where I' ¢ o f P and a # Us.
(3) €1 ez is (7, T')-pre-translatable, if
(@) e; = c_t>, where ¢ # cast is a (7, T')-pre-translatable constant and each t; as well as e; is
either (77, T)-pre-translatable or of type @ with T +q a : P, or
(b) e; and e, are (7, T)-pre-translatable, or
(c) e; = cast p and e, is (7, T)-pre-translatable.
(4) e1 =4 ez is (7, T)-pre-translatable, if e;, e; and o are and if & / P.
(5) Ax:q€1 is (7, T)-pre-translatable, if
(@) ais (7,T)-pre-translatable,
(b) e1is (7, T, x : a)-pre-translatable,
(c) and T Fq Ayqey : Vg WithT Fqa: Uyand I, x : a kg B : Uy,
(6) V.o f is (7, T)-pre-translatable, if
(a) ais (7,T)-pre-translatable,
(b) Bis (7,T, x : @)-pre-translatable,
(C) Iy Vx:aﬁ/ Uy,
(d) and if T +q Vyeq f f P, then T bq- a { P.
We call e (7,T)-translatable if it is (7, T')-pre-translatable and all occurring constants are fully
applied, meaning the type of all sub-expressions ¢ ¢, where ¢ are all arguments applied to c, is
not a function type.
Given a DTTS3 signature 7, we define 7 -translatability of a DTT3 context I' inductively:

(1) o is 7 -translatable,

(2) T, x : ¢ is T -translatable, if T is 7 -translatable and either « is (7, I')-translatable or & = U;.

We define translatability of a DTT3 signature 7~ inductively:

(1) . is translatable,

(2) T, (c, @) is translatable, if 7~ is translatable and « is (7, o)-translatable or if « is of the form
Vap, where A is T -translatable as a context and f is (7, A)-translatable or § = Uy,

(3) 7, (c, @, e) is translatable, if T, (¢, @) is translatable and e is (77, o)-translatable.

We omit 7~ and I' if they are clear from the context.

We next show that our translation functions are well defined on the translatable fragment and
that all translated constructs are actually translatable. This means that the domain of our functions
is exactly the translatable DTT3 constructs.

THEOREM 4.3 (WELL DEFINEDNESS). The translation functions from Def. 4.1 are well defined on the
translatable fragment of DTT3, meaning they are defined for all well typed translatable arguments.

Proor. The proof is by mutual induction on the definition of the translation functions.

The cases for [-]cc and [-]sig are straightforward, since all side conditions directly match the
definition of translatability.

For [-Japps [-Jexps [-]ty and [-Jter, we will perform a case distinction on the expression e being
translated:

If e is an application, then for [-]iy and [-]ier we are again done by induction. For [-]ap, and

ﬂ-]]exp, ife= c—t), we have two cases. If ¢ = cast, then e = cast p e;, due to e being translatable and
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therefore cast being fully applied. Then we perform a case distinction on e; as above and are done
by induction. If ¢ # cast, then we apply the induction hypothesis regarding [t;]exp, Where in the
translatability of the t;, they are allowed to be proof terms, in which case the last case of [-]exp
applies.

If e is a variable or constant, [e]sr and [e]sy both output e and [e].pp and [e]ex, translate to
either [e] e or [e]iy so we are done in all cases.

If e = e; =, €5, we know that T' k¢ e : P, which means the fourth case of [-].pp and [-Jexp apply
respectively. For [-Jer, we are done by induction right away, since by the translatability of e, we
know that « { P but is still translatable, so the induction hypothesis regarding [, applies. For
[-Ity, e is not in the domain and we are done.

If e = Ay.q€1, since by e being translatable we know that T kg e : Vyoff and I’ kg Vo f | Us.
From this we further know that f§ / U,. We also get from the translatability that T -4 « { P and
I' k7 a / P. This means either T' -4 f : Uy, meaning for [-]app and [-[exp case three applies. For
[-1ZF, we are again done by induction right away. For [-]y, e is not in the domain and we are done.

If e = Vy.of, since by e being translatable we know that ' ko Vy.qff / Uy, either T' kg e : Uy or
I kg e : P, meaning for [-Japp and [-Jexp either case two or three apply. For [-]ier, we know that
I' 7 e : P, meaning I' +4 f : P. Then depending on the type of «, either the V- or the =-case
applies. For [-]iy, note that I' k¢~ & { P, because e is translatable and ' k4 e : Uy is in the domain of
[-]ty- Therefore we are immediately done by induction. ]

For the reverse direction, we need to slightly weaken the conclusion for expressions from ‘trans-
latable’ to ‘pre-translatable’, since during the translation process, when considering an application,
the left sub-expression can then have constants which are no longer fully applied. We also exclude
[-]exp from the theorem statement, as it is also defined for proof terms, which according to (3)(a)
in Def. 4.2 are only ever translatable as arguments to constants. The other functions make sure
that [-Jexp is only ever called in such cases, so the theorem still holds for the other functions using

[[']]exP-

THEOREM 4.4. All well typed DTT3 contexts and signatures for which the translation functions
from Def. 4.1 are defined are translatable. All well typed DTT3 expressions for which the translation
functions [-]app, [-]ter and -]y are defined are pre-translatable.

Proor. The proof is again by mutual induction on the definition of the translation functions.

Again, the cases for [-]c and [-]g are straightforward, since all side conditions directly match
the definition of translatability.

For [-Japp: [-]ty and [-Jter, we will again perform a case distinction on the expression e being
translated:

If e is an application then for [e], and [e]ir we are immediately done by induction. If e = ¢t
we have two cases. If ¢ = cast, then [e]4pp is only defined if e = cast p ey, and only if either [e], or
[e]ter are defined, so we are done by induction. If ¢ # cast, then [e]pp is defined exactly if [[t;]exp is
defined for all ¢;, where we can unfold [-]ex, and find that all cases but the last one are identical to
[-Japp: so in these we are done by respective induction steps, and the last case of [-]exp applies for
proof terms, which are translatable only in this argument position. Note that this is the only case
in which [-]exp is ever called, so the translation functions are not defined on proof terms in any
other position within another expression. We therefore conclude that e is translatable.

Constants and variables are always translatable when they are in the domain, which coincides
with the requirements on them in Def. 4.2 so there is nothing to be done.

If e = e; =4 e;, then [[e]app is defined as [[e]er, which is in turn defined for e, since [e; [ier =[]y
[e2]ter- We are then done by induction, since [-]y is not defined on expressions of type P and
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therefore a { P in the cases we need to prove. Finally [e];, is not defined, since e : P, so there is
nothing to be done.

If e = Ay, if [e]app is defined, we are done by induction regarding either [e]ier or [e]y,
depending on which case applied. If [e]i is defined, then [e;]ier and [a]iy, are defined, which
implies that e; and « are translatable and further, from the function’s domains, that e; : V7:—> Bo,
where f : Uy, and a : V- - U;. This implies that e : Vy.ofo, and then V..o ffy / Uz, since a and f
are both not of type U,. From the types of « and fy, we also get that  { P and 8 / P. So we get that
both & : Uy and f8 : U;. Therefore e is translatable. Finally [e]y, is never defined on A’s, so there is
nothing to be done.

If e = Vy.of, if [e]app is defined, we are again done by induction as above. If [e]ie is defined,
since we know that e : U,, due to e being well typed by assumption and the only possible rule
to use would being VForm, we know that e : P, since from the function’s domain we know that
U, : U; and for this to hold, £ = 0 must be the case. Then there are two cases to consider. In the
first case, [e]ier = Vx:[a],, [Bllter- In the second case, [e]ier = [@]ier = [Bler- In either case [a]y (or
respectively [a]er) and [B]ter are defined, which implies that & and f are translatable. Since e : P,
conditions (6)(c) and (6)(d) from the definition of translatability are both satisfied. Therefore e is
translatable. o

For the corollary we assume all constants to be fully applied, to regain translatability from
Theorem 4.4.

COROLLARY 4.5. For well typed DTT3 constructs ©, where all occurring constants are fully applied,
the following are equivalent:

(1) © is translatable.
(2) One of [-Japps ['lters [-]ty [-sig or []ctx is defined on ©.

Some realistic examples of expressions that fall outside of the translatable fragment are the
identity function for Uj, Ay.u, x, the function that returns the natural number n if it is equal to 0,
AnnApin=yon, as well as its type, VyunV pin=yoN.

This fragment of DTT3 may seem restrictive, but it is sufficient for many applications of DTT. In
particular, higher rank polymorphism and higher universe levels are not needed to formalise many
concepts of mathematics that do not relate to category theory or higher algebra.

Example 4.6. An axiomatisation of polymorphic length indexed vectors as a signature 7~ in DTT3

might look like this:

(N, Uy), (0,N), (suc, VpnN), (NRec, Vpy_pVzp OVS:V":NP n—P (suc n)vn:NP n),
(VCC, Va:Ulvn:Nul): (l"lil, Va:Ulvec a 0)» (COhS, Va:Ulvn:va:Vecanvx:aveC ¢4 (SUC n)),
(Vec Rec, Va:Ul vn:NvP:V":N (Veca n)—)PVz:P 0 (nil a)vc:\'/z,:yec anVx:.aPno—P ((sucn)) (consan vx)VU:Vec a nP n U)

The translation of this signature, [7 g, is the following DHOL theory:

N : type, 0 : N, suc : IT,yN, NRec > Vppn—oP 0 = (V,nP n = P (sucn)) = V,nP n,
Vec : Hozztype,n:N : type, nil : 1_[o{:typevec a0, cons : Ha:type,n:N, o:Vecan, x:a VEC & (suc n),

VecRec > I—[az:type, n:N, Pl (Vec a n)—o
Po(nil @) = (VovecanVxaP no = P(sucn) (consa novx)) = YovecanP no

We can state, the congruence of cons in DTT3:

a Ui b Vaa¥ oV Voveca nVpox=q y CONS ANV X Zvecq (sucn) CONsanoy : P

, Vol. 1, No. 1, Article . Publication date: July 2018.



From Dependent Type Theory to Dependently Typed Higher Order Logic (Technical Report) 13

We can then translate the context, the signature, the proposition and its type, using [-]app for the
last two, as follows:

a : type k7], VaaV y:a VY ovec a nX = Y = CONS & N U X =vecq (sucn) CONSA NV Y : 0

Notably, the translation maps the P-valued dependent function types of DTT3 that quantify over
non-propositions to the V quantifier in DHOL, which is defined in terms of equality and implication,
instead of the DHOL dependent function type. Furthermore, since the last dependent function
quantifies over a proposition, DHOL’s dependent implication is used.

Example 4.7. This example demonstrates how casts are erased and how this interacts with
provability. We reuse the length indexed vectors from above and further assume an axiomatisation
of + : N — N — N, which we write infix as usual, as well as of

append : va:Ulvm:an:Nvu:Vecamvw:Vecanvec a (m + T’l)
in 7. In DTT3 the following statement is ill-typed:
a: Uy kg VNV anVYovecamYwvecan aPPend AMNUW =Veca (m+n) aPPend anmwo:P

This is because m + n and n + m are propositionally equal but not definitionally equal. Therefore
the types Vec a (m + n) and Vec a (n + m) are also not definitionally equal, which is required to
even express propositional equality of the two vectors. If, however, we replace the right hand side
of the equation by « : U; 4 cast p (append a n m w v), where p is an easy-to-construct proof
term of type Vec @ (n + m) =y, Vec a (m + n), this type-checks.

By contrast, the translated version of the above statement type-checks without issue, since DHOL
is extensional. Specifically, while type checking, the rule TpEqSym would be used, where one of the
typing conditions would be that I' k7], m + n =5 n + m, which, given a sufficient axiomatisation
of +, is provable. For this reason, the translation erases all occurrences of cast.

5 Soundness

A key theoretical property of our translation is that it reflects judgements: if some DHOL terms,
types, theories or contexts satisfy a DHOL judgement, then there exist corresponding translatable
DTTS3 expressions, signatures and contexts of which the DHOL counterparts are translations and
for which a corresponding DTT3 judgement holds. This entails soundness in the following sense: if
a translated DTT3 proposition is provable in DHOL, the original proposition is provable in DTT3
(i.e. a proof term exists).

To prove reflection of judgements, we first show a certain kind of injectivity of our translation. We
need to do this to identify DTT3 constructs that according to the induction hypothesis translate to
the same corresponding DHOL construct but originate from different applications of the induction
hypothesis.

LEMMA 5.1 (INJECTIVITY). The translation functions [-]iy, [-lter> [-Japps [-lexps [-]sig and [-Jcex are

all injective on the translatable fragment of DTT3 in the following sense:

— For translatable signatures T and T, if [T |sig = [T [sig then T = T".

— For translatable contexts T and T, if [[ctx = [I']ctx thenT =T7.

— For translatable expressions e and e’, that have definitionally equal types, if [e]app = [€']app-

[ellexp = [€'lexps [€]lter = [€Jter or ety = [€']ty thene = e’

where additionally for all expressions, every sub-expression that is not a cast, is the argument of
a (possibly trivial, i.e. along refl) cast. For DTT3 we use definitional equality =; for DHOL we use
syntactic equality =, where we do not unfold defined connectives.
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Proor. We prove injectivity by mutual structural induction on the inputs, separating the cases
by function. Since the DTT3 expressions have casts in front of every sub-expression, which are
stripped by the translation functions, two such DTT3 expressions that translate to the same DHOL
type or term are definitionally equal if the remaining non-cast components are, since by assumption
the expressions with casts have the same type. For this the proofs which are the first argument
of the casts are always definitionally equal, since either are proofs of the same proposition, so Pl
applies.

[-]ty: Let @, f be translatable DTT3 expressions of type V= —U;. We show that if [a]y, = [B]iy
then a = g

If « = x or @ = c, the translation function is the identity, therefore the conclusion follows
immediately.

If @ =P, then [a]iy = 0 = [f]iy. This immediately implies that = P, since P by induction is the
only pre-image of 0 under [-];y.

If @ = ay ap, we have [y = [a]app = [F]ty, which again by induction has only one pre-image
and we conclude a = f§ using the induction hypothesis regarding [-[app-

If & = V., @2, then [a]lty = T[], [@2]tyo = [Bty. For the casts removed in [-]iyo the argument
above applies, since by assumption « and f must have the same type. This is the case as well in
all following occurrences of [-]iyo and also [-]iero. Again by induction this only has one pre-image,
therefore f = V., 2.

There are no translatable expressions of the form A.,e in the domain of [-]iy, since they would
need to be of type V., U1, which again is of type U,, which violates condition (6)(c) in Def 4.2.

Expressions of the form a; =4, a3 are by definition of type P and can therefore not occur here.

[Jter: Let e, d be translatable DTT3 expressions of type V?_?a, where «a : U;. We show that if

[e]ter = [d]ter then e = d:

Cases e = x, e = c,e = e; e; are completely analogous to [-]y.

If e = 3yqer, then [efier = Ixfa]y,[e1]tero- We use the induction hypothesis of the mutual
induction regarding [-]iy, which gets us that [d]ter = Jx:[c],, [€1]tero. We conclude e = d from the
definition of [-Jter-

If e = Vy.q€1, we need to perform a case distinction on whether « : P or not. If « : P we have
[e]ter = ([¢]ltero = [e1]tero)- We use the induction hypothesis, which gets us that [d]iero = [@]ter =
[e1]tero- We conclude e = d from the definition of [-]ier. If not, we have [e]er = \r- [e1]tero and
the rest is analogous to the 3 case.

For e = (e; =4 €2) and e = A,.,e; we employ the induction hypothesis of the mutual induction
similarly.

Finally, e = e; A e3,e = €1 V €3, e = —e;p all follow analogously to e = (e; =4 e3).

[ app: In the case of e being of the form cast p e;, or not being an application, this immediately
follows from the injectivity of [-]iy and [-]ier and the argument laid out at the beginning of the

proof. Otherwise, if e is an application without top-level cast, we invoke the induction hypothesis
directly.

[-Jexp: Analogous to [-]app, but for the v case we use the induction hypotheses again, as well as
PI.

[-Isig: Let 71, 72 be well formed DTT3 signatures. We show that if [71]sg = [72]sig then 77 = 72:

If 71 = ., then [Ti]sig = . = [7z]lsig and trivially 77 = o.

If7n =79/ ( ane) we need to do a case distinction on e. First if e : P, then [7]sy =
7 Isig> ¢ > Mpn[e]er. Using the induction hypothesis regarding [-]ier, we get that this also equals
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[72]sig- From the definition of [-]s, since ¢ does not have the val subscript, by induction there is
only one possible pre-image, so we conclude that 77 = 7;.

Next, if e : Uy, then [71]sig = [7;'[sig: ¢ : za[e]ty. Analogously to the previous case we use the
induction hypothesis, regarding [-];, this time, and then by induction there is only one pre-image,
meaning 71 = 7;.

Finally, if e had neither type U; nor type P, in our fragment it must have the form V.U, in
which case [7]sig = [7} [sig> ¢ : Hpall——m : type. Using the induction hypothesis regarding

x:[ally m

[-]ty again and the definition of -]z, we again conclude 77 = 7.

If77 =77, (c,a e) then [Ti]sig = [T/, (¢, @) ]sig, cval > € =[a]y [€]ter- Using the induction hypothe-
ses regarding [-]ty and [-[¢er, we get that this also equals [72]sig. From the definition of [-]sg, since
¢ does have the val subscript, by induction there is only one possible pre-image, so we conclude
that 7] = 75.

[Jetx: Let T, A be well formed DTT3 contexts. We show that if [T]ctx = [A]ctx then T = A:

If T = o we are again done analogously to before.

IfT =T",x : Uy, then [Ietx = ([T ]etxs x = type) = [A]ctx- There is exactly one pre-image by
induction and we conclude I' = A.

T =T",x : P, then [Iex = ([IV]etxs x : 0) = [A]ctx- Again from the definition of [-]. we
conclude I’ = A.

IfT =T",x : e, where e is neither P nor U, we need to do a case distinction on the type of e. It
must either be P or U;.

If e : P, then [Ieex = [I'Jetx X > [e]ter- Using the mutual induction hypothesis regarding [-]ier
we get that it is also equal to [A] .. With the definition of [-]cx we again conclude T = A.

If finally e : Uy, since e # P, [[ctx = [I"]ctx x ¢ [e]ty. Analogous to the previous case, using the
induction hypothesis regarding [-]y and the definition of [-]cx we conclude I' = A. ]

We also need to prove that [-]exp is compatible with substitution, meaning that substituting in
the DTT3 expression and then translating leads to the same result as translating the expression
that is substituted into as well as the expressions used in the substitution individually first, and
performing the DHOL substitution after.

LEMMA 5.2 (SUBSTITUTION). Lett be a translatable DTT3 expression, and let € be a list of trans-

—
latable DTT3 expressions. Then [t[€ ]app = [¢]app [[€]exp]-

Proor. Since casts are erased and do not matter for substitution, we will disregard them here
and always write [-[er and [-[¢y instead of [-]iero and [-]iyo.
The proof is by induction on ¢:

t = x;: Since x; is translatable, x; is not a proof term and therefore the translation of x; is [x;]app =
x; = [Xi]exp. Similarly we also know that [e;]app = [€i]exp Since e; can also not be a proof term

in this case. Therefore [x;[€1]app = [eilapp = [eillexp = xi[[[H;;]]exp] = [[xi]]app[[[H;;)]]exp] =
[cllapp L [elexp -

t = P: Then [t]app = 0 = [t]exp and t[€] = t for any e, meaning [¢[€]]app = [t]app = 0 =
ol[eless] = [lepp Teles]

t = ¢: Analogous to previous case.

- . —
t = uy up: If t = c"u, then we assume ¢ # cast as mentioned above. Then [t]app = ¢ [t]exp = [t]exp-
The induction hypothesis does not immediately apply for the [u;]exp, so We do a case analysis on u;,
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that will proceed exactly like the current one if u; is not a proof term. If u; however is a proof term of
proposition &, [u;Jexp = v [4],.,- Regarding the substitution on these proof terms then, if u; is a vari-
able x;, then x; [€]=e j, where e; is also a proof term of the proposition a. Therefore we also have

—
that [e;]exp = v [a] > SO in every case we get [u; [€1]exp = [ui]lexpl [e]exp], Which then for ¢ gives
_
us finally [t[€]]app = [c[€] ul€1]app = [clapp[e]exp] [ulexplleexp] = [e [texplapp [[e]exp]
—
[t]app [[e]expl- If t = uy up, where u; # ¢ U, then [t]app = [u1]app [u2]app = [t]exp and also t[e] =
I.H. _— e
ui[€] uz[€]. So we get [[t[—e)]]]app = [u [_e)]]]app [uz [_e)]ﬂapp =" [w1]app [[elexp] [u2llapp[[e]exp] =
—_
[t]app [[e]exp]-
t = Ax.qu: From the translatability of t, we can infer that [t]app = [t[ter = [t]exp and analo-
gously for @ and u. Further t[e] = Ao —e»]u[_e)]. So we get [[t[_e)]ﬂter = Al @10y [[u[_e)]ﬂter =

I.H. e e —_—
Ax:[[a[?]]]app [[u F)]]]app = Ax [alapp [[e]] [[uﬂapp [[e]]exp Ax:ﬂaﬂty[m}] [[uﬂter [[[e]]exp] = [[t]]app [[[e]]exp]~
Since a must be of type Uy, due to 0therw1se either condition (5)(c) from Def. 4.2 being violated or
Vyaf : Us, where u : f, which would violate condition (5)(c), it is equivalent to use [[-ﬂty instead of

[-Japp-

t = Vyqu: There are two cases, t : Pand t : Uy If ¢t : P, then if & : Uy, we have [t]app =
[tter = Vs [[a]]ty[[uﬂter = [t]exp where u : P. If @ : P, then [t]app = [t]ter = [[a]]ter [u]ter =
[t]exp where again u : P. Also t[e] = xa[e]u[_) So we get [t[€] app = Yl ?] ur> 1app =

— .
A H”W]Hter = x:Mt (el [[uﬂter [elexp] = [t]app [[elexp]- I 2 = Uy, then [t]app =[]ty =
Hx:ﬂa]]ty[[u]}ty = [t]exp with @ : Uy and u:Up. Alsot[€] = xa[e ur>] So we get [[t[_) Japp =

LH.
[[Hx;a[_e’]uﬁ)]]]app = Hx:ﬂa[?]ﬂty [[ul—e)]]]ty = Hx:[[a]] [[e]] [[ th [[e]]exp = Htﬂapp [[e]]exp
The cases for e; =, e; and the other connectives follow analogously. ]

Next we state the reflection of judgements theorem. In general, we try to match the judgements
of DHOL with those of DTT3. Notable differences concern the cases for provability of a formula F
and for the well-formedness of a substitution §. For the former, we require the existence of a term
of the corresponding proposition [F]e, in DTT3. For the latter, since DTT3 does not have explicit
substitutions, we spell out the condition each of the components of § needs to fulfil individually.

=
This works since § can simply be viewed as the list " of terms, types and v/z’s for some DHOL

N
context A with corresponding types, type variables and local assumptions A" for some n.

THEOREM 5.3 (REFLECTION OF JUDGEMENTS). Let I', A be a DHOL context, A, B be DHOL types,
t be a DHOL term, F be a DHOL formula, § be a DHOL substitution and T be a DHOL theory. In
Table 2, if the left hand side holds, then there exist translatable DTT3 contexts ", A’, translatable DTT3
expressions e, a, f, 6] and a translatable DTT3 signature 7~ such that the right hand side also holds.

We actually prove a slightly stronger version, where all DTT3 expressions have casts in front
of every sub-expression. This is necessary to fulfil the requirements of Lemma 5.1. The stronger
condition can easily be fulfilled by adding casts that use a proof of reflexivity in front of sub-
expressions that do not have casts. We omit trivial casts for readability.

Another observation that is necessary to invoke Lemma 5.1 is that, whenever we translate an
expression that gets translated to a DHOL term, we also translate the type of that expression to a
DHOL type. For these type like expressions, since they are translatable, they can only have the
type U, and £ must always be the same across different uses of the induction hypothesis regarding
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Table 2. Correspondence between DHOL and DTT3 judgements

DHOL DTT3
I DHOL F There exists p such that T’ I—PrTT3 p:e
T _ _
and [[FIHZ;X = r’ [[e]]ter - F’ [[T]]sig =T
I DHOL . A '+ B o

ctx ter
(- DHOL T Thy DTT3 7= sig and [[T]]sig =T
POt T Cx PP T ok and [U]G =T [T ]ag =T

ctx
—_ —_
r I—?HOL A—Ss T’ I—],?_TT3 9 : al 8 1] when A} = x : al 8 1]forl <i<|d
and [I']7 =T, [AN]7 = A [8]5S =60 [Tlsig =T
THRHOL A type TV #DT™ i Uy and [T']%, =T [aly,” = A [T]sg =T

r FIT)HOL A=B There exists p such that I” |—£}TT3 pra=y p

and [']7, =T [o] " = A [B)," =B [Tlsg =T

and [')%, =T [e] o = 1. [al " = A [Tl =T

ctx

the same DHOL type. Therefore for the expressions that translate to DHOL types, we fulfil the
condition of Lemma 5.1, which then gives us this same condition for the expressions that are of
this type and get translated to DHOL terms.

Since Lemma 5.1 only provides definitional equality of DTT3 constructs, we need to further
invoke the compatibility of DTT3 judgements with definitional equality, i.e. subject reduction,
meaning if some DTT3 judgement holds and there exist definitionally equal constructs, the same
judgement also holds for these. This holds in the generalisation of DTT3 given by Carneiro [8], so
it must hold for DTT3 as well.

For example, regarding the typing judgement we have

FT =T e =T
Trre=e T'rqa=ad F T sig +q T ok [ kg a type Thtye:a

'ty e o
Similar statements for all other judgements hold.

Proor. The proof is by mutual induction over the DHOL proof of our assumption. We will first
present some illustrative cases with further comments and then give the remaining cases.

We begin with a very detailed case that also illustrates the correspondence between DHOL
theories and DTT3 signatures.

Case ThyTp: The assumptions of the rule are
(1) MM T Thy, (2) a ¢ T, (3) F27°" A Ctx

The conclusion is (4) FPHOL T,a : T, : type Thy. The induction hypothesis allows us to use the
assumptions (1) and (3) to derive that there exists a DTT3 signature 7 and a DTT3 context A’,
which have casts in front of every sub-expression, such that (1) FPT™ 7~ sig where [7 ]z = T
and (3') F2T A’ ok where [T ]sig = T, [A’Jetx = A. Note that we implicitly use the injectivity of
the translation function stated in Lemma 5.1 to equate the 7 in (1’) and (3"). To prove this case
of the theorem, we now need to show given (1), (2), (3”), (4) that there exist a DTT3 signature
7~ such that if (4) holds, it holds that (4') FPT™ 77 sig with [7']sg = T,a : Il : type. We
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therefore assume (4) and show (4"). We choose 77 = T, (a, Va-U;), which translates to the theory
[7Tsiga : Mjarq,, : type, which is equal to T,a : TI5 : type due to the equalities associated
with (1’) and (3’). It remains to prove FPTT® 77, (a,Va U,;) sig. For this it suffices to show that

I—?_T“ Vo U; type. To show our goal we use YForm. It therefore suffices, for A’ = X : @, that

Y-l il |—]7),TT3 a; type for all @;. This then follows from (3’), which concludes the case.

In the following cases we will only state the results of applying the induction hypothesis to
the DHOL pre-conditions (here, (1'), (3”)), possible leftover assumptions (here, (2)), the collection
of equalities associated with these and state directly what we must prove (here, (4")), without
necessarily mentioning the DHOL conclusion directly.

The next case demonstrates our handling of substitutions in DTT3, where we lack explicit
substitutions. It also shows how proof terms of propositions of DTT3 are translated to the v/
substitution component.

—5_
Case SubAsn: From the induction hypothesis, we get (1)T” +¢ 6] : «f 5" 1]

a[g’—)i_l] and (2) A’ kg e : ff and there exists p such that (3)I” ko p : €’ with [["]ex =T, [A Jerx =
A, [6]exp = 8, [Ply = 0, [ellier = F, [€']ter = F[] and [T [sig = T. We need to show that I ¢ 6/ :

BIO7" " when A = x: B[] where [A" e = A @ : type and [8/ Jexp = & for all 1 < i < ||
and [[5|’(’S|+1]]exp = p. We choose 8/’ = §/ for 1 < i < || and 5|Ic/$|+1 =pand A = A, x : e [6]'Jexp = O,
for 1 < i < |d], and [§5)41]exp = V]e'Juer = Ve- Further [A”]ctx = [A"]etx, X > € = A, x > e. For all
1 <i < |9, our goal is equal to (1). For i = || + 1 we need to show I +¢ p : e[y(lalﬂ)_l]. This
is equivalent to I k¢ p : e[6’]. Using the induction hypotheses and Lemma 5.2 this then follows
immediately.

when A} = x :

The next case concerns DHOL’s dependent implication. It illustrates why it is important that
we chose dependent functions V., f where both @ and f are of type P to be translated to depen-
dent implications, instead of translating the non-dependent function type ¢ — f to dependent
implication, which is usually seen as the corresponding DTT construct to logical implication.

Case TermImpl: From the induction hypothesis, we have (1)I" +q e : ¢ and (2)T” tq u : a
where [I"]cx =T, [I"]eex = T, x > F, [e]ier = F, [u]ter = G, [a]iy = 0 and [T ]sig = T. From the
definition of the translation function we further know that I =", x : e and o = P. We need to
show that I k4 t : f where [t]ier = F = G and [f]iy = 0. We choose t = V..u and f = a. [t]ier
and [f]y compute as desired. We prove I'" k4 Vy..u : P. We use YForm, meaning it suffices to show
I’ bq e type and I, x : e kg u : P due to the definition of imax. Using (1) and (2) respectively with
the fact that ¢ = P these follow immediately.

In the final case shown here, the addition of casts is needed. This is because even though in
DHOL, all equal terms and types are convertible to one another, in DTT3 only definitionally equal
expressions are. The corresponding construct in DTT3 to DHOL’s equality, however, is propositional
equality and only definitionally equal expressions are convertible. So some equalities might not
type-check in DTT3 even though their translation does in DHOL. However, if we amend the casts
at the corresponding sub-expressions, we can create a definitionally equal expression that does
type-check in DTT3. This is another reason why we require all DTT3 expressions to have a cast at
each sub-expression, even if they do not always change the type.

Case CongApply: From the induction hypothesis, we get that there exists p; such thatI” ¢ p; : e
and that there exists p such that T kg p; : ¢’ where [I"]cx =T, [eJter =t =a ¢/, [€'Jter = f =48 f~
and [7 Jsig = T. From the definition of the translation function we further know that e = (u =, u’)
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and e’ = (g Vyaf gl) where [[uﬂter =t, [[ulﬂter =t, [[g]]ter = f’ [[g/ﬂter = f/; [[a]]ty =Aand [[ﬁﬂty =B.
We need to show that there exists p such that I" Fq p : ¢” and [¢”[ier = (f t =p[) f t'). We
choose e’ = (g u =g, cast p; (¢’ u’)). The cast added around the right hand side of the equation
is needed to make this statement type-check. The proof term p] : f[u] = B[u’] can easily be
derived using p; and the rules for equality. Then [e”’[ler computes to f t =g, f’ t/, as desired,
using Lemma 5.2. Then using induction twice yields the desired p.

The remaining cases follow similar patterns.
Case ThyEmpty: Follows trivially from the first case of the sig judgement.

Case ThyCon: From the induction hypothesis, we get that (1) + 7 sig and (2)A” +¢ f : U;
with [T ]sig = T, [A']ctx = A and [f]iy = A. We further get the assumption that ¢ ¢ T. We need to
show that + 7 sig, where [T ]z = T, ¢ : IInA. We choose 77 = T, (¢, Var ). [T ]sig computes as
desired. It suffices to show g4 V- ff type. We use VForm, so we need to show A’ 7 f8 type, which
follows from (2), and X~!: @i~! ¢ a; type for A’ =X : @. From (2), we can infer that - A’ ok
and with this the desired result follows immediately.

Case ThyAsn: From the induction hypothesis, we get that (1) + 7 sig and (2)A’ +4 e : f with
[7lsig =T, [A']ctx = A, [e]ter = F and [f]y = 0. We further get the assumption that ¢ ¢ T. We need
to show that + 7 sig, where [7]sg = T, c > IInF. We choose 7" = T, (¢, Vare). [T"]sig computes
as desired. The rest of the proof is analogous to the previous case, apart from showing A +4 e type,
which follows from (2) and from f = P, due to [y, = o0 and the definition of the translation
function.

Case CtxEmpty: Follows trivially from the first case of the ok judgement.

Case CtxTp: From the induction hypothesis, we get - A" ok with [A"]cx = A and [7 [ = T.
We need to show that ko~ A” ok with [A”].x = A, a : type. We choose A” = A, : Uy, [A”]erx
computes as desired. We then only need to show that 4 U; type. This is then immediate.

Case CtxVar: From the induction hypothesis, we get k- A’ ok and A’ +4 a : Uy with [A']cx =
A [a]iy = A and [T ]sig = T. We need to show that 4 A” ok with [A”]cx = A, x : A. We choose
A" = N,x : a. [A”]cx computes as desired. Thus we need to show o A’ ok and A’ +4 a type,
which follows immediately from our assumptions.

Case CtxAsn: From the induction hypothesis, we get k- A’ ok and A’ Fo- e : a with [A' ] =
A, [e]ier = F, [a]liy = 0 and [T [sig = T. We need to show that -4~ A”” ok with [A” ] = A’,x > F.
We choose A = A',x : e. [A”]ox computes as desired. Thus we need to show +¢ A’ ok and
A" kg e type. The former we already have as an assumption, the latter holds due to [a]y, = o,
which means that « = P.

Case SubEmpty: Trivial.

Case SubTp: From the induction hypothesis, we get (1)I” ¢ &/ : ﬁ[yifl] when Al = x : ﬁ[yifl]
and (2)I" g y : Uy where [I"]ex = T, [A]ex = A, [6/]exp = i [y]ty = A and [T ]sig = T. We
need to show that I" r¢ &/ : ﬁ[yi_l] when A = x : ﬂ[?i_l] where [A"]ex = A, « : type and
[6!]exp = 6 forall 1 < i < [§] and [[5|'(’5|+1]]exp = A. We choose §;" = &/ for 1 <i < |§] and (5"(’3‘“ =y
and A” = A, : Uy. [6}Jexp and [A”"]cex compute as desired. For all 1 < i < ||, our goal is equal to
(1). For i = |§] + 1, we need to show I +4 y : Uy, which is exactly (2).
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—5_
Case SubVar: From the induction hypothesis, we get ()I” 7 &/ : a[ " g

—_

a[ 87" and (2)A’ ko B : Uy and (3T ko e : y with [[ ]ty =T, [A Jerx = A, [6/]exp = 6, [Blty =
A, [yl = AlS], [e]ier = t and [T [sjg = T. The goal and choice is analogous to the previous case,
with the exception of 5, . = eand A” = A’,x : f. [6]']exp and [A”]cx compute as desired. For

|8]+1
. . . ’ < (81+1) -1
all 1 <i < |J], our goal is equal to (1). For i = |§| + 1, we need to show IV +qe : [ ]

which is equal to I” ¢ e : f[0’]. Using the induction hypotheses and Lemma 5.2 this then follows
immediately.

when A} = x :

5

yi—l]

Case TpSym: From the induction hypothesis, we get -+ I" ok and (2)I" +¢ 57 : [ when

A = x a8 with [[Max = LA Tex = A [8]exp = & and [T]sg = T. We also get the
assumption that (3) a : Il : type is in T. We need to show that I" ¢ f : U; where [f]y, = a 5. We
choose ff = a &'. [f]y computes as desired. From the definition of the translation function and (3),
we know that (a,VaU;) € 7. This, in combination with (2), then yields the desired result using
Apply and ConstTy.

Case TermSym: From the induction hypothesis, we get ¢+ I ok and (2)I" +4 6! : a[ylfl]
when A} = x : a[yl_l] with [I"]ex = I, [A]ex = A [6]]exp = 6i and [T ]sg = T. We also get
the assumption that (3) ¢ : [IzB is in T. We need to show that I +4 e : f where [e]t; = ¢ § and
[Blty = B[4]. From the definition of the translation function and (3), we know that (c,Vaf’) € 7
where [f’]y = B. We therefore choose e = ¢ ¢" and = p'[']. []ly and [e]er compute as desired
using Lemma 5.2. The desired result follows with (2) using Apply and ConstTy.

Case ValidSym: From the induction hypothesis, we get F5 I” ok and (2)I" +q & : a[yl_l]
when Al = x : a[ykl] with [["]ex =T, [AJetx = A, [6]]exp = 6; and [T [sig = T. We also get the
assumption that (3) ¢ > IIpF is in T. We need to show that there exists p such that I F¢ p : e and
[e]ter = F[5]. From the definition of the translation function and (3), we know that (c,Vpe’) € T
where [[¢’]ier = F. We therefore choose e = ¢’[§'] and p = ¢ §’. [e]ier computes as desired using
Lemma 5.2. The desired result follows with (2) using Apply and ConstTy.

Case TpVar: From the induction hypothesis, we have g I ok where [I"]cx =T and [7 [z = T.
We also get the assumption that (2) a : type € I'. From this and the definition of the translation
function, we therefore know that (3) a : U; € I”. We need to show that I +4 « : Uy. This follows
from the Assume rule and (3).

Case TermVar: Analogous to TpVar.

Case ValidVar: From the induction hypothesis, we have -4~ I ok where [I"]cx =T and [7 [ = T.
We also get the assumption that (2) x > F € I'. From this and the definition of the translation
function we therefore know that (3) x : e € I” where [e]sr = F. We need to show that there exists
p such that I ko p : ¢’ and [e’Jter = F. We choose e’ = e and p = x. The result then follows from
the Assume rule and (3).

Case TpBool: Follows trivially from the Univ rule.

Case TermEq: From the induction hypothesis, we get that I 4 t’ : « and I 4 u’ : o where
[ ]eex =T, [t'Jter = t, [t/ Tter = u, [a]ty = Aand [T [sig = T. We need to show that I” ¢ e : f where
leler = (t =a u) and [B]iy = 0. We choose e = (' =, u’) and f = P. [e]ier and [f];y compute as
desired. The result then immediately follows from the induction hypotheses and EqForm.
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Case TpPi: From the induction hypothesis, we have I" +¢4 « : Uy and T” +¢ f : U; where
[Mex = L[ ]ex = Tx = A [afyy = A [Blyy = B and [T [sig = T. From the definition of the
translation function we further know that I’ =I", x : a. We need to show that I F¢ y : U; where
[y]ty = Hx.aB. We choose y = Vy.qf. [y]ty computes as desired. Using YForm, it suffices to show
thatI" ¢ a : Uy and IV, x : @ ¢ f : Uy, which is exactly the induction hypotheses.

Case TermLambda: From the induction hypothesis, we have I +¢4 « : Uy and (2)T" Fqt' : f
where [["]ex = I, [I"]etx = Tx = A [afiy = A [Blyy = B [t']ter = t and [T ]sig = T. From the
definition of the translation function we further know that I’/ =TI, x : . We need to show that
I +q e : y where [e]er = Ax:at and [y]sy = ITx.aB. We choose e = Axqt” and y = Vyof. Using
AForm we need to show IV, x : @ +4 ¢’ : f§, which is exactly (2).

Case TermApply: From the induction hypothesis, we have I'" +4-t’ : y and I F4- u’ : o where
[Mex =T, [alty = A [¥lty = DaeaB, [t Jrer = t, [t ]ter = u and [T ]sig = T. From the definition of
the translation function we also know that y = V.,f, where [f]y, = B. We need to show that
I" +7 e : ' where [e]ier = t u, [f']ty = Blu]. We choose e = t' v’ and ' = p[u’]. [f']ty and
[e]ter compute as desired using Lemma 5.2. Using Apply, it suffices to show I k¢t : V., f and
I’ 4 u’ : @, which are exactly the induction hypotheses.

Case TpEqVar: Follows trivially from Eqlntro.

Case TpEqSym: From the induction hypothesis, we have 4 I ok and that there exists p such
that TV ko p : y; =p (7] Y; since =5 means the component-wise equality of the terms/types,
where [I"]cx =T, [A]ex = A [Yillexp = 0is [yi]exp = ; and [T [sig = T. We also get the assumption
that (3)a : I, : type is in T. From the definition of the translation function we then know that
(a,VU1) € 7. We need to show that there exists p such that I ¢ p” : @ =y, fand [a]iy = a 5 and
[Bliy =ad’. We choose a =ay,f =ay’. [a]iy and [f]iy compute as desired. Using the congruence
rules about equality derivable in DTT3 and the induction hypotheses we can construct p’.

Case TpEqBool: Follows trivially from the introduction rule of equality.

Case TpEqPi: From the induction hypothesis, we have that there exists p; such thatI" o p; :
a =y, @' and that there exists p, such that (2)T” ¢ ps : f =y, f where [["]ctx = T, [T ]etx =
Lx: A fa]y = Alfa]y = A, [Bly = B,[flyy = B" and [T |sig = T. From the definition of the
translation function we further know that I’ = I, x : @. We need to show that there exists p
such that I +¢ p : y =y, ¥ and [y]yy = IeaB and [y']iy = II.a'B. We choose y = V.o ff and
Y = Vo f'. After this everything type-checks. [y, and [y’]iy compute as desired. Using the
common derivable rules for equality in DTT3 and the induction hypotheses we can construct p.

Case TermConvert: From the induction hypothesis, we have I" ¢ t’ : @ and that there exists p
such that (2)I" k¢ p : @ =y, @’ where [I["]cx =T, [A e = A, [ty = A, [@' ]ty = A”, [t ]ter = t and
[7 ]sig = T. We need to show that I" 4 e : f where [e]ir = t and [f]iy = A’. We choose e = t”
and f = &’. t" is t’ where the top-level cast is replaced by one that uses p. [e]er and [S], compute
as desired. Due to the replacement of the cast our goal follows immediately.

Case TermBeta: From the induction hypothesis, we get I" +7 e : y and I” +4 v’ : o where
[Mex =T, [ylty = DxaB, [a]iy = A, [e]ter = Axat, [u']er = u and [T [sig = T. From the definition
of the translation function we further know that y = V., where [f]y = B and e = Ay.qt’ where
[t'Jter = t. We need to show that there exists p such thatI” o p : e’ and [e’[er = (Ax:at) u =p[y)
t[u]. We choose e’ = (Ax.qt’) u’ =gy t'[u'] and p = refly[u). [€'Jier computes as desired using
Lemma 5.2. This holds definitionally in DTT3 so it is proved by refl.
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Case TermEta: From the induction hypothesis, we get I +o t' : y where [I"]cx = T, [y]yy =
IL.AB, [t'Jter =t and [7 [sig = T. From the definition of the translation function we further know
that y = V.. where [a]iy = A and [$], = B. We additionally get the assumption that x does not
occur in T It therefore can also not occur in I'” or we can perform a-renaming to achieve this. We
need to show that there exists p such thatI” +¢ p : e and [e]ier = t =1,.,8 Axat x. We choose
e=1t" =, Adxqt’ xand p = refly. [e]ier computes as desired. Again this equation holds definitionally
in DTT3 so it is proved by refl.

Case CongLambda: From the induction hypothesis, we get that there exists p; such thatI” +¢ p; :
a =y, a and that there exists p; such that I kg p; : e where [I"]cx =T, [["]ex =T, x : A, [a]iy =
A o]ty = A’ [e]ter =t =p ' and [T [sig = T. From the definition of the translation function we
further know that e = u =g ¥" andI"” =T",x : @ where [u]ier = t, [t']ier = t’ and [f]iy = B. We
need to show that there exists p such thatI” +4 p : €’ and [e’Jter = Ax:at =m,.4B Ax:art’. We choose
e’ = Axalt =v, . p Axat'. [€]ier computes as desired. To make this type-check, all occurrences of x
in u’ must have their casts amended by p;. Then using induction twice yields the desired p.

Case Refl: Follows trivially from the introduction rule of equality.

Case Sym: From the induction hypothesis, we get there exists p such that I” F¢ p : e where
[I']eex =T, [e]ter =t =a s and [T [sig = T. From the definition of the translation function we further
know that e =t =, " with [t']ier =, [s']ter = s and [y = A We need to show that there exists
p’ such thatT’ ko p’ : ¢’ and [e’Jier =5 =4 t. We choose e’ =1’ =, s’. [e’]ter computes as desired.
Using induction on p we can construct the desired p’.

Case CongValid: From the induction hypothesis, we get that there exists p; such thatI” ¢ p; : e
and that there exists p, such that I rq p; : ¢’ where [["]cx =T, [e]ter = F =0 F',[€']ter = F’
and [7] sig = T. From the definition of the translation function we further know that e =t =p ¢’
where [[t]ter = F. We need to show that there exists p such that I Fo p : t. We can construct p by
changing the cast around p, to one that casts along p;.

Case Implintro: From the induction hypothesis, we get that there exists p such thatI" 7 p : e
where [I"]cx =T, x > F, [e]ier = G and [T [sig = T. From the definition of the translation function
we further know that I" =T, x : ¢’ where [["']ctx =T and [e’Jier = F. We need to show that there
exists p’ such that I’ +¢ p’ : u and [u]ier = F = G. We choose u = Vy.pre and p’ = Ay p. [u]lter
computes as desired. Using AForm with the induction hypothesis immediately yields the result.

Case MP:. From the induction hypothesis, we get that there exists p; such thatI” +¢4 p; : e
and that there exists p, such that I” +¢ p, : ¢/ where [I["]cx =T, [e]ter = F = G, [¢'Jter = F and
[7] sig = T. From the definition of the translation function we further know that e = V..-e’” where
[e”Jter = G. We need to show that there exists p such that I” +4 p : ¢”’. We choose p = p; p,. Using
Apply with the induction hypotheses immediately yields the result.

Case BoolExt: From the induction hypothesis, we get I" 4 t’ : a, that there exists p; such
that I +4 p; : e and that there exists p, such that I” +q p, : ¢’ where [["]cx = T, [t Jter =
t,[elter =t L, [€']ter =t T, [a]ty = IIx,00 and [T [sig = T. From the definition of the translation
function we further know that o = V,.pP, that e = t’ L and that ¢’ = t’ T. As stated earlier for
this case we assume axiomatisations of a constant 4 lem : V.pe V (—e), a constant ¢ propExt :
Ve, Ve, p((€1 — €2) A (e2 — €1)) — €1 =p e; the empty type L, the singleton type T, the product
A, co-product V and negation —. We need to prove that there exists p such that I’ ¢ p : €”,
where [I"]etx =T, x : 0, [€/'Jter =t x. We choose I =T",x : P, ¢/ =t x. Then [I"']ctx and e’ Jter
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compute as desired. To acquire p, we use the induction principle associated with V on lem x with e
and e’, which yields the desired result. O

We do not prove the cases regarding T, L, A, V, = and 3 since they depend on some design
decisions when axiomatising their counterparts in DTT. For commonly used definitions, however,
these easily follow in the same style as the other cases.

From Theorem 5.3, we easily derive soundness:

THEOREM 5.4 (SOUNDNESS). Let T be a translatable DTT3 signature, let T be a translatable DTT3
context, let e be a translatable DTT3 expression such thatT rq e : P. If [[]etx FPEOF [e]ter, then there
sig

(71
exists p such thatT FDTT p - e.

Proor. Consequence of the first non-header row of Table 2 and injectivity together with subject
reduction. O

6 Evaluation

To gauge the practical relevance of our translatable DTT3 fragment, we have implemented a
fragment checker, which can be used to determine how many of the theorems in Lean’s Mathlib
library [19] fall within our fragment. For this purpose, we have adapted the setup used to evaluate
Lean’s Aesop tactic [14] to check all human written theorems regarding their translatability. Since
universe polymorphism is heavily used in Mathlib, but DTT3 does not support it, the checker
instantiates all universe variables with 0. This means that it actually checks whether an instance
of the theorem is translatable. It additionally unfolds occurrences of outParam, a construct that
marks the output parameter of type classes, while being definitionally equal to the marked type. If
it were to not unfold this, many functions from type classes, such as

HAdd.hAdd : (@ : Type u) — (f : Type v) — (y : outParam (Type w))
— [self :HAdda Byl D a— >y,

where u, v, w are instantiated with 0, would be considered untranslatable, since outParam (Type
0) is of type Type 1, which corresponds to U, of DTT3, and the only translatable such type in
signatures is U; or Type 0 in Lean. But since outParam (Type 0) is defined to be exactly Type 0, if
we unfold this definition, it becomes translatable. There are more meta-operations we could use to
increase the amount of translatable theorems, which we do not consider here.

We ran our evaluation on a machine using an Intel® Xeon® Silver 4114 CPU with 40 cores
running at 2.20 GHz and with 187 GiB of RAM, which took about five hours. We evaluated Mathlib
version 4.27.0-rc1, which contains 222 747 human written theorems. Of these, 69 265 theorems have
statements that fall outside the translatable fragment. Another 50 727 theorems have statements that
are translatable, but use untranslatable constants, which would need to be present in the signature.
The most common dependencies that caused this were CategoryTheory.Category and its recursor,
appearing in 30.1 % of these theorems. Finally 102 756 theorems are fully translatable, meaning their
statement is translatable and all used constants have definitions that are signature-translatable.
The complete numbers for all modules can be found in Table 3. The fragment checker’s source code
and the raw evaluation data are available in the artefact.

We have also calculated the weighted variance (WVAR) and the weighted standard deviation
(WSD) for every top level module, where the weights are the number of theorems in the sub-modules.
These are always only in respect to the direct sub-modules e.g. for Algebra, Algebra.Group was
considered as a whole, not all sub-modules of Algebra.Group individually. If a module has no
sub-modules or only exactly one sub-module the standard deviation is 0. The standard deviation is
the range around the ratio in which most sub-modules, weighted by number of theorems, perform.
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Table 3. Translatability of Mathlib modules

Theorems

Module Total Translatable Ratio (%) WSD (%) WVAR
Algebra 40153 21718 54.1 29.3 0.086
CategoryTheory 25115 320 1.3 2.6 0.001
Analysis 22515 12508 55.6 25.9 0.067
Data 20721 16 348 78.9 19.9 0.040
Topology 20334 11652 57.3 28.2 0.080
Order 14775 10434 70.6 26.8 0.072
RingTheory 13951 5390 38.6 26.5 0.070
MeasureTheory 10073 1986 19.7 16.5 0.027
LinearAlgebra 9306 2856 30.7 23.6 0.056
GroupTheory 6228 3993 64.1 19.6 0.039
Combinatorics 5606 43891 87.2 4.4 0.002
NumberTheory 5264 3115 59.2 24.4 0.059
Geometry 4270 414 9.7 12.5 0.016
AlgebraicGeometry 3849 876 22.8 35.0 0.123
SetTheory 3641 236 6.5 8.5 0.007
Probability 3461 649 18.8 19.0 0.036
AlgebraicTopology 2245 295 13.1 24.4 0.060
FieldTheory 2213 411 18.6 21.7 0.047
Logic 2054 1098 53.5 21.5 0.046
Tactic 1364 1220 89.4 35.2 0.124
Computability 1178 922 78.3 0 0
ModelTheory 1132 110 9.7 14.9 0.022
RepresentationTheory 1053 36 3.4 0 0
Dynamics 731 430 58.8 41.4 0.171
Control 259 8 3.1 0 0
Condensed 192 0 0.0 0 0
InformationTheory 99 23 23.2 0 0
Lean 17 17 100.0 0 0
Deprecated 16 12 75.0 0 0
Testing 7 5 71.4 0 0
util 3 3 100.0 0 0

All of Mathlib 222747 102 756 46.1 25.1 0.063

For example, the numbers for all of Mathlib in the last row mean that the modules that perform
between 21.0 % and 71.2 % contain a majority of all theorems. The variance is the square of the
standard deviation; higher numbers mean more variance.

Unsurprisingly, the vast majority of theorems concerning category theory are not translatable,
since they are set up making heavy use of higher universe levels and higher rank polymorphism.
This includes not only the CategoryTheory module, where 1.3 % of theorems are translatable, but
also other sub-modules that concern category theory, such as Algebra.Category, containing 2261
where 1.4 % are translatable. This is mainly since, the type class CategoryTheory.Category is not
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signature-translatable, due to it having type (obj : Type) — Type 1 after instantiating all universe
variables, so no theorem referencing this definition can be translated.

On the other hand, packages such as Data, Order and Combinatorics are very amenable to our
translation, where specifically Data.Int, Data.Nat, Data.Finset, Data.Vector and Data.List
have translatability rates between 85.3 % and 91.3 %. Many of the remaining non-translatable
theorems in these sub-modules concern problems with translating A’s that either have a proposition
as their domain or have Type (i.e. U; in DTT3) as their co-domain. Sometimes these A’s are not
directly apparent such as in this example from Data.Nat.Factorization.PrimePow:

exists_ordCompl_eq_one_iff_isPrimePow (n:N) (hn:n #1):
IsPrimePow n < dp,Nat.Prime p An / p"n.factorizationp =1

Here factorization is actually not a function, but a Finsupp, which are so called ‘finitely sup-
ported functions’, functions that have as co-domain a type with a designated zero element and
have only finitely many inputs for which they return this zero element. Lean treats these functions
as ‘function like’ and when applying them, performs a coercion to a standard function, as follows
for n.factorization p, where —, is the Finsupp type:

DFunLike.coe (N —( N) N (fun x : N = N) Finsupp.instFunLike n.factorization p

The fun x : N = N sub-term is Lean syntax for A,.yN, and it returns a type, namely N, which DHOL
only supports at theory level. Applying A-lifting could be a solution for a future implementation to
support more statements.

Remarkably, Algebra, Analysis and Topology also perform above average. For these the vari-
ance in translatability of sub-modules is high, meaning there are both sub-modules that perform very
poorly, e.g. Algebra.Category and Algebra.Homology with 1.4 % and 3.3 % respectively, and some
that perform very well, e.g. Algebra.Ring and Algebra.Order with 74.1 % and 83.2 % respectively.
An example from Algebra.Order.Field, a fully translatable sub-module, is the following:

Monotone.div_const (f : Type) [Preorder §] (f : f — a)(hf : Monotone f)(c: a)(hc:0<c):
Monotone (funx: = fx/c)

Here we can also see a translatable A.

7 Related Work

Our work extends the recent research on DHOL. Rothgang et al. [33] introduced the original
monomorphic DHOL, including a sound and complete translation to monomorphic HOL. DHOL is
reminiscent of the formalisms underlying the PVS [24] and Nuprl [11] proof assistants. Ranalter et
al. [31] generalised the logic and the translation to support rank 1 polymorphism. This logic is the
target of our own translation. Rabe [28] designed a semantics for an extension of this logic.

Rothgang and Rabe [32] also extended monomorphic DHOL with subtyping and adapted the
translation to HOL accordingly. Moreover, Ranalter et al. [29] described an extension of monomor-
phic DHOL with Hilbert’s choice operator and adapted the translation to HOL. On the theorem
proving front, Niederhauser et al. [22] designed a sound and complete tableau style proof calculus
for monomorphic DHOL and implemented it in the Lash prover. Finally, Ranalter et al. [30] extended
the TPTP (Thousands of Problems for Theorem Provers) syntax and infrastructure with support
for polymorphic DHOL.

Apart from the aforementioned translations from variants of DHOL to HOL, translations from
DTTs are also relevant to our work. Jacobs and Melham [18] encoded Martin-Lof type theory
into polymorphic HOL. In the context of hammers, Czajka and Kaliszyk [12] and Qian et al. [27]
developed pragmatic translations from DTT to FOL and HOL, respectively. The logical frameworks
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LF [17] and Twelf [26] also explored encodings of DTT to support automated metatheoretic
reasoning. Finally, Oury [23], Winterhalter et al. [37] and Vaishnav [35] all translated extensional
DTTs to intensional DTTs. They therefore take an inverse direction to our work, which translates
from an intensional logic to an extensional logic.

8 Conclusion

We presented a translation from a fragment of DTT to polymorphic DHOL. The translation is sound
and lightweight, preserving the structure of DTT expressions. The translatable fragment constitutes
a large part of DTT as used in practice. Moreover, constructs such as inductive definitions and
quotient types can be axiomatised, thereby further increasing our approach’s applicability. The
translation could be used to integrate DHOL based provers into proof assistants based on DTT as
part of a hammer.

There are several avenues for future work. First, we should try to prove completeness and thereby
obtain a precise characterisation of DHOL as a fragment of DTT. Second, we want to extend the
translation to support more advanced features of DTT (e.g. inductive definitions and quotient
types). Third, we would like to formalise the soundness argument using a proof assistant. Finally,
to reach users we should implement the translation in a hammer system.
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