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Abstract. This paper describes a detailed completeness proof for Bach-
mair’s and Ganzinger’s superposition calculus. The proof follows the
modularization steps given by Waldmann et al.’s saturation framework,
and serves as a blueprint for a formalized completeness proof of super-
position in the interactive proof assistant Isabelle/HOL on top of the
existing formalization of the saturation framework in Isabelle/HOL.

1 Background

Bachmair’s and Ganzinger’s superposition calculus [2, 3] is the standard calculus
for automated theorem proving in quantified equational first-order logic. It forms
the basis of state-of-the-art theorem provers like Vampire [5] and E [7].

Superposition is one example of a saturation calculus — a calculus that gets a
set of formulas (typically clauses) as inputs and processes this set by (i) deriving
new formulas from the given ones and adding them to the formula set and by
(ii) deleting formulas that turn out to be superfluous. This process is repeated
until either a contradiction is found (which then demonstrates that the original
input set was contradictory) or until a saturated set of formulas is reached to
which no further formulas need to be added anymore. The calculus is called
refutationally complete if it has the property that every fair derivation starting
from a contradictory input set eventually detects the contradiction.

Waldmann et al. [9] described a framework to prove the refutational complete-
ness of saturation calculi. The framework was formalized (and extended) in the
interactive proof assistent Isabelle/HOL [6] by Tourret [8] and Blanchette and
Tourret [4]. In the current paper, we present a detailed refutational completeness
proof for the superposition calculus that follows the modularization steps given
in [9] and that can therefore serve as a blueprint for a formalized completeness
proof for the superposition calculus in Isabelle/HOL on top of the work described
in [4,8].

2 Preliminaries
We assume that the reader is familiar with basic concepts in first-order logic and

with the saturation framework [9]. For standard results and notations in term
rewriting, we refer to Baader and Nipkow [1].



A first-order signature is a triple ¥ = (=, 2, IT), where = is a set of sorts,
2 is set of function symbols, and II is set of predicate symbols. (All sets are
disjoint.) Every function symbol f € {2 and predicate symbol P € IT has a unique
declaration f: & ...& =& and P: & ...&y, n >0, §; € Z. Furthermore let X
be a =-sorted set of variables (disjoint from =, §2, IT). Then 7y (X) is the set of
(well-sorted) terms over ¥ and X.

A (well-sorted) equation is an unordered pair (s,t) of terms with the same
sort, usually written as s ~ t. A (well-sorted) non-equational atom over ¥ and X
has the form P(ty,...,¢,) with P € IT and ¢; € Tx(X). An atom is an equation
or a non-equational atom. A literal is an atom A or a negated atom —A. We
usually write s % ¢ instead of =(s & t). A clause is a multiset of literals, usually
written as a disjunction. The symbol L denotes the empty clause, that is, false.

In the sequel, all terms, atoms, literals, equations, substitutions are assumed
to be well-sorted.

To simplify the presentation, we will assume from now on that IT = () and that
predicate symbols P : &; ... &, are replaced by function symbols fp : &;...&, —
bool, so that non-equational literals [-] P(t1,...,t,) are encoded as equations
[=] fp(te, ... tn) =~ true.

We assume that > is a reduction ordering on terms that is total on ground
terms and has the subterm property on ground terms i.e., t[s], > s if p # e.
(In the single-sorted case, the subterm property follows from totality on ground
terms, compatibility with contexts, and well-foundedness, but in the multi-sorted
case, we have to require it explicitly.)

3 (Ground) Inference System

Let a fixed first-order signature ¥ = (=, §2,IT) be given. We define G as the
set of ground first-order clauses over ¥ and G, as the subset {L} C G. We
denote the first-order (Tarski) entailment relation between subsets of G by k.
This relation satisfies properties (C1)—(C4) of Waldmann et al. [9]).

Note that for ground formulas, Tarski entailment (i.e., entailment w.r.t. all
Y-models) agrees with Herbrand entailment (i.e., entailment w.r.t. term-generated
Y-models).

To avoid duplication, we present ordering extensions, selection functions, and
inference rules for general clauses, even though we currently need them only for
ground clauses.

The term ordering > is extended to a literal ordering and a clause ordering
in the following way: To every positive literal s ~ ¢, we assign the multiset
{s,t}, to every negative literal s % t, we assign the multiset {s, s,¢,t}. The literal
ordering | compares these multisets using the multiset extension of >. The
clause ordering ¢ compares clauses by comparing their multisets of literals
using the multiset extension of > . We say that a literal L is maximal (strictly
maximal) in a clause C, if there is no other literal in C that is greater (greater
or equal) than L w.r.t. ».



Note that s & ¢t and ¢t &~ s are mapped to the same multiset (and analogously
for negative literals), so > is well-defined.

The multiset extension of an ordering that is stable under substitutions is
again stable under substitutions, so > is also stable under substitutions.

A selection function S maps every clause to a submultiset of its negative
literals.

For clauses C' and D let rename(D, C') be an arbitrary but fixed renaming
substitution p such that Dp and C are variable-disjoint. (In particular, if C' and
D are variable-disjoint, rename(D, C) is the identity substitution).

Inference rules for superposition with ordering > and selection function
S. Recall that we consider equations as unordered pairs of terms, so that all
inference rules are to be read modulo symmetry of the equality symbol.

In the non-ground case, we apply a renaming substitution p to the first premise
of a binary inference to ensure that the premises become variable-disjoint.

Pos. Superposition:

D'vta~t C'Vslul ~ ¢
(D'p v C'V s[t'p] = s')o

where p = rename(D’ Vit~ t', C'V su] = ¢),

o = mgu(tp,u) and u is not a variable,

(D' Vit=tpo tc (C'V su] = s')o,

no literal is selected by S in the premises,

(t = t')po is strictly maximal in (D' Vit = t')po,
(s[u] = §')o is strictly maximal in (C’ V s[u] = s')o,
tpo At po,

slulo A §'o.

Neg. Superposition:

D'vta~t C'Vs[ul # s
(D'p v C'"V s[t'p] % s')o

where p = rename(D’ Vit~ ¢/, C'V s[u] % §'),

o = mgu(tp,u) and u is not a variable,

(D' Vit=tpo tc (C'V slu] % s')o,

no literal is selected by S in the left premise,

(t = t')po is strictly maximal in (D' Vit = t')po,

either s[u] # s’ is selected by S in the right premise
or no literal is selected by S in the right premise
and (s[u] % s')o is maximal in (C’ V s[u] % s')o,

tpo A t'po,

slulo A §'o.




Equality Resolution:
C'Vsds
C'o
where o = mgu(s, s’),
either s % s’ is selected by S in the premise

or no literal is selected by S in the premise
and (s % s')o is maximal in (C' V s % §')o.

Equality Factoring:

C'Virt' Vs s
(C'Vs#tEVs~t)o

where o = mgu(s, t),

no literal is selected by S in the premise,

(s = §')o is maximal in (C' Vit Vs~ s)o,
so A so.

(These are the most commonly found restrictions for negative superposition
and equality resolution, but not the strongest ones. To strengthen the restrictions,
one can replace “L is selected by S in C” by “L is selected by S in C and Lo
is maximal in C®¢, where C'¥ is the subclause of C' consisting of the literals
selected by S”.)

The G-inference system GInf™° consists of all ground inferences (Cy, Cy, Cp)
and (C4, Cp) of the superposition calculus that satisfy the side conditions for >
and S. The formulas C,, ..., C; are called premises of an inference ¢, Cy is called
the conclusion of ¢, denoted by concl(). If N C G, we write GInf™°(N) for the
set of all inferences in GInf =9 whose premises are contained in N.

We define the redundancy criterion Red™° = (Red]"®, Red;®) for GInf™*
as follows:

e Let N C G. An inference ¢« € GInf™* is contained in Red?’S(N) it M =
concl(t), where M is the set of all clauses in N that are smaller than the
right (or only) premise of ¢.

o Let N C G. A clause C' € G is contained in Red;’S(N) it M = C, where M
is the set of all clauses in N that are smaller than C.

By compactness of first-order logic, this is equivalent to “...where M is some
finite set of clauses in N that are smaller than the right (or only) premise of
¢ / that are smaller than C”.

Inferences in Red]®(N) and formulae in Redp(N)= are called redundant
w.r.t. N.

Red™® satisfies properties (R1)~(R4) of Waldmann et al. [9]. Since we keep
> fixed in the sequel, we will usually omit the superscript > and write GInf s
and Red” instead of G]nfhs and Red™°.



4 Ground Refutational Completeness

A set N C G is saturated w.r.t. GInf*® and Red® if GInf®(N) C Red; (N). The
pair (GInf®, Red®) is statically refutationally complete wr.t. = if L € N for
every saturated set N C G with N = {L}.

For any set E of ground equations, 73 (f))/E is an E-interpretation (or E-
algebra) with universe { [t]g | t € Tx(0) }, where [t]g = {t' € Tx(0) | EEt~ '}
is the E-congruence class of ¢ € T ().

One can show (similar to the proof of Birkhoft’s Theorem) that for every
ground equation s = t we have E = s = ¢ if and only if 75 (0)/E | s =~ t if and
only if s &7 t.

In particular, if E' is a convergent set of rewrite rules R and s = ¢ is a ground
equation, then 7 (0)/R | s ~ t if and only if s [ g ¢ (i.e., s =7, u <7 t for some
u). By abuse of terminology, we say that an equation or clause is valid (or true)
in R if and only if it is true in Tx(0)/R.

Our refutational completeness proof follows Bachmair and Ganzinger [2, 3]:
Given a subset N C G with L ¢ N, we first construct a candidate interpretation,
that is, a convergent set of rewrite rules R,,. Afterwards we use well-founded
induction to show that for a saturated set N, R, is actually a model of N.

Let N C G be a set of clauses not containing L. Using induction on the clause
ordering we define sets of rewrite rules Ec and R¢ for all C € N as follows:

Assume that Ep has already been defined for all D € N with D <¢ C. Then
Re = UD-<CC Ep. The set E¢ contains the rewrite rule s — ¢, if

a) C=C"Vs=t.

no literal is selected in C.

s ~ t is strictly maximal in C.
s >=1.

)
(c)
)
(e) C is false in R¢.
)
)

(

(b
c

(d
e

(f) C'is false in Ro U {s — t}.

(g) s is irreducible w.r.t. Re.

In this case, C is called productive. Otherwise Ec = (). Finally, we define R, =
Upen Eb-

Lemma 1. If Ec = {s — t} and Ep = {u — v}, then s > u if and only if
C>cD.

Proof. (=): By condition (c), s ~ ¢ is strictly maximal in C' and u =~ v is strictly
maximal in D, and since the literal ordering is total on ground literals, this
implies that all other literals in C' or in D are actually smaller than s ~ ¢ or
u &2 v, respectively.

Moreover, s > t and u > v by condition (d). Therefore s > wu implies
{s,t} >=mul {u,v}. Hence s &~ t = u v = L for every literal L of D, and thus
C>cD.

(«<): Let C =c D, then Ep C Re. By condition (g), s must be irreducible
w.r.t. Ro, S0 s # u.



Assume that s # u. By totality, this implies s < u, and since s # u, we obtain
s < u. But then C' <¢ D can be shown in the same way as in the (=)-part,
contradicting the assumption. a

Corollary 2. The rewrite systems Rc and R, are convergent (i.e., terminating
and confluent).

Proof. By condition (d), s = t for all rules s — ¢t in R¢ and Ry, so R¢ and Re
are terminating.

Furthermore, it is easy to check that there are no critical pairs between any
two rules: Assume that there are rules u — v in Ep and s — ¢ in E¢ such that u
is a subterm of s. As > is a reduction ordering that is total on ground terms, we
get u < s and therefore D <¢ C and Ep C R¢c. But then s would be reducible
by R, contradicting condition (g).

Now the absence of critical pairs implies local confluence, and termination
and local confluence imply confluence. O

Lemma 3. If D <c C and E¢c = {s — t}, then s > u for every term u occurring
in a negative literal in D and s = u for every term u occurring in a positive literal

in D.

Proof. If s < u for some term u occurring in a negative literal u % v in D, then
{u,u,v,0} =mu {s,t}. Sou % v = s =t = L for every literal L of C, and
therefore D =¢ C.

Similarly, if s < u for some term u occurring in a positive literal v =~ v in
D, then {u,v} =mu {s,t}. Sou~ v = s~ t = L for every literal L of C, and
therefore D ¢ C. O

Corollary 4. If D € N is true in Rp, then D is true in Ry, and R¢ for all
C>cD.

Proof. If a positive literal s ~ ¢ of D is true in Rp, then s |r,, t. Since Rp C R¢
and Rp C Ry, we have s g, t and s g ¢, s0o s =t is true in R¢ and R.
Otherwise, some negative literal s % ¢t of D must be true in Rp, hence s Jr,, t.
As the rules in R \ Rp have left-hand sides that are larger than s and ¢, they
cannot be used in a rewrite proof of s | ¢, hence s Jr, t and s Jr__ t. a0

Corollary 5. If D = D' V u = v is productive, then D’ is false and D is true in
R and R¢ for all C' =¢c D.

Proof. Obviously, D is true in R, and R¢ for all C' >=¢ D.

Since all negative literals of D’ are false in Rp, it is clear that they are false
in R and R¢. For the positive literals u’ ~ v of D', condition (f) ensures that
they are false in Rp U{u — v}. Since v’ < w and v' < v and all rules in R \ Rp
have left-hand sides that are larger than u, these rules cannot be used in a rewrite
proof of u' | v/, hence v’ Jr, v' and v Jr_ v’ O



Theorem 6 (“Model Construction”). Let N be a set of clauses that is
saturated and does not contain the empty clause. Then we have for every ground
clause C € N:

(i) Ec =0 if and only if C' is true in Rc.

(ii) C is true in R and in Rp for every D € N with D ¢ C.

Proof. We use induction on the clause ordering >¢ and assume that (i) and (ii)
are already satisfied for all clauses in N that are smaller than C. Note that the
“if” part of (i) is obvious from the construction and that condition (ii) follows
immediately from (i) and Corollaries 4 and 5. So it remains to show the “only if”
part of (i).

Case 1: C' contains selected literals or a maximal negative literal. Suppose
that C = C’ V s % s', where s % s’ is a selected literal of C if C has selected
literal, and where s % s’ is a maximal literal of C' if C' does not have selected
literals. If s ~ s’ is false in R, then C is clearly true in R¢ and we are done. So
assume that s = s’ is true in R¢, that is, s Lr, §’. Without loss of generality,
s> s

Case 1.1: s = ¢'. If s = &/, then there is an equality resolution inference

C'Vsgs
o '

As N is saturated, this inference is contained in Redj (N). So M = C”, where M
is the set of all clauses in IV that are smaller than C'. By the induction hypothesis,
all clauses in M are true in R, therefore C’ and C are true in R¢.

Case 1.2: s = s'. By definition, s | g, s’ means s =% u <7 s for some term
u. Since s" =% u, we know that s’ = u. If s = &', then the derivation s =7  u
cannot be empty, so it has the form s = s[t] =g, s[t'] =%, u, where t — ' is
arule in Ep C R¢ for some D € N with D <¢c C. Let D = D' vV t ~ t’ with
Ep = {t — t'}. By property (b), no literal in D may be selected. Consequently,
there is a negative superposition inference

D'vtat  C'Vslt]#s
D'v C' Vst # s

from D and C. As N is saturated, this inference is contained in Red? (N). So its
conclusion D'V C’ V s[t'] % s’ is entailed by the set M of all clauses in N that
are smaller than C. By the induction hypothesis, all clauses in M are true in R¢,
therefore the conclusion is true in R¢. Since D is productive, D’ is false in R¢
by Cor. 5. Moreover, s[t'| =% u g, 8, so s[t'] % s is also false in R¢. Since
D’ and s[t'] % s’ are false in Re, C' must be true, and therefore C' is also true in
Re.

Case 2: C contains neither selected literals nor a mazximal negative literal. If
C does not fall into Case 1, it must have the form C’ V s &~ s’, where s = s’ is a
maximal literal of C. If Ec = {s — s’} or € is true in R¢ or s = &', then there
is nothing to show, so assume that Ec = () and that C” is false in Ro. Without
loss of generality, s = s'.



Case 2.1: s & ¢’ is mazimal in C, but not strictly mazimal. If s ~ s’ is maximal
in C, but not strictly maximal, then C' can be written as C"" V s = s’ V s &~ ¢'.
In this case, there is a equality factoring inference

C'"Vs~s Vsas
C'"V s s Vsms

As in Case 1, saturation implies that the conclusion is true in R¢. Since s’ = &
implies s’ | g, §', we know that s’ % s’ is false in R¢. So C” V s & s’ must be
true, and therefore C is also true in R¢.

Case 2.2: s &~ §' is strictly mazimal in C and s is reducible. Suppose that
s ~ s’ is strictly maximal in C' and s is reducible by some rule in Ep C R¢. Let
D=DVvtmt and Ep = {t — t'}. By property (b), no literal in D may be
selected. Consequently, there is a positive superposition inference

Dvtat  C'Vst]rs
D'v C' Vst = s

from D and C. Again, saturation implies that the conclusion is true in R¢. Since
D is productive, D’ is false in Rc by Cor. 5. Since D’ and C’ are false in R¢,
s[t'] = s" must be true in R¢, that is, s[t'| =% u <% s'. On the other hand,
s[t] = re S[t'], so s[t] Lre §', which means that s[t] &~ s" and C are true in R¢.

Case 2.3: s &~ s’ is strictly mazimal in C' and s is irreducible. Suppose that
s ~ &' is strictly maximal in C and s is irreducible by Rc. Then conditions
(a)—(d) and (g) for productivity are satisfied. If C' is productive, there is nothing
to show. If C' is not productive, then either property (e) or (f) must be violated.
If (e) is violated, that is, if C' is true in R¢, there is again nothing to show.
Let us therefore assume that (e) holds but (f) does not hold, that is, C' (and
hence C") is false in R but €’ is true in Ro U {s — s'}. Clearly any negative
literal that is true in Rc U {s — s’} is also true in R¢. So C' must have the
form C' = C” VvV t = ¢/, where the positive literal t ~ ¢’ is true in Rc U {s — &'}
and false in R¢. In other words, ¢ | g, u{s—s} t'; but not ¢ { g, t'. Consequently,
there is a rewrite proof of ¢ —* u «* ¢/ by Rc U {s — s’} in which the rule
s — s’ is used at least once. Without loss of generality we assume that ¢ > ¢'.
If ¢t were strictly smaller than s, it would be impossible to use s — s’ in the
rewrite proof. If ¢ were strictly larger than s (which is again larger than s'), then
s=~ s’ < t=t, contradicting the assumption that s ~ s’ is strictly maximal in
C'. So we have s = t. Moreover, since s = s’ is strictly maximal in C', we must have
t=s> 8 =1t From t =t we conclude that the rewrite proof of ¢t —* u +* ¢/
has the form ¢ — ¢ —* u +* t/. Since ¢t = t” and ¢t > ¢/, every left-hand side
of a rule used in "/ —* u <* ¢/ must be strictly smaller than ¢. Because s — s’
must be used at least once in t — " —* u «* ¢’ and cannot be used after the
first step, the rewrite proof has the form t = s — s’ —* u +* ¢/, where the first
step uses s — s’ and all other steps use rules from Rg. Consequently, s’ = t' is
true in Rc. Now observe that there is an equality factoring inference

C'"Vt=t Vs=s
C'"Vs gt Vtat




whose conclusion is true in R¢ by saturation. Since the literal s’ % ¢ must be
false in R¢, the rest of the clause must be true in R¢, and therefore C' must
be true in R¢, contradicting our assumption. This concludes the proof of the
theorem. a

Corollary 7 (“Static Refutational Completeness”). The pair (GInf®, Red®)
is statically refutationally complete w.r.t. |= for every selection function S.

Proof. Let N be a subset of G that does not contain L. By part (ii) of the model
construction theorem, the interpretation R, (that is, 75()/Reo) is a model of
all clauses in N. ad

5 Lifting

We will now lift the completeness result for ground first-order clauses to a
completeness result for general first-order clauses.

Let F be the set of first-order clauses over ¥; let F| be the subset {1} C
F. The F-inference system FInf™° consists of all inferences (Cy,Cy,Cp) and
(C1, Cy) of the superposition calculus that satisfy the side conditions for > and
S. The formulas C,,, ...,y are called premises of an inference ¢, Cy is called the
conclusion of ¢, denoted by concl(r). If N C F, we write FInf™°(N) for the set
of all inferences in FInf =3 whose premises are contained in N.

A selection function T for G is a grounding of a selection function S for F, if
for every D € G there exists some C' € F such that D = C0 and T'(D) = (S(C))#,
that is, if for every clause D € G the literals selected by 7" in D correspond
to the literals selected by S in some C € F such that D = C#6. The set of all
groundings of a selection function S is denoted by gs(S5).

If L = (C1,Cp) is an inference in FInf™% and 0 is a substitution such that
C16,Co0 € G, then (C16,Cy0) is called a pre-instance of . Analogously, if
t = (Cq,C1,Cp) is an inference in FInf™%, p = rename(Co, (1), and 0 is a
substitution such that Cypf,C10,Co0 € G, then (Capd,C10,Co0) is called a
pre-instance of ¢.

Let ¢ be an inference (C1,Cp) or (Co,C1,Ch) in FInf™%, let /' be a pre-
instance (C16,Cob) or (C2p0, C10,Co0) of ¢, and let T € gs(S). Then ¢ is called
a T-ground instance of ¢ if it is a G-inference in GInf™" and T(C16) = (S(C1))0
(and T(Cap0) = (S(C2))p).

Note that the definition of a T-ground instance depends implicitly on S. In
fact, it is possible that ¢ is an inference in both FInf™%" and FInf™* and
T € gs(S1) Ngs(S2), and that the pre-instance ¢’ is a T-ground instance of ¢, if
we consider ¢ as an FInf*’S1 inference, but not, if we consider ¢ as an FInf*’S2
inference. In a formalized proof, one should rather talk about (S,T)-ground
instances instead of T-ground instances.

Let S be a selection function for F, Let T € gs(S) be a selection function for
G. We define the grounding function G7 as follows:

e For a clause C € F, GT(C) = {CO | CH € G} is the set of all ground
instances of C.



e For an F-inference « € FInf™%, G (1) is the set of all T-ground instances
of ¢.

The function G is extended to sets S of formulas or inferences by defining
9(S) = Upes 9(@).

GT satisfies properties (G1)-(G3) of grounding functions of Waldmann et
al. [9]; in fact, it also satisfies (G3’), which implies (G3).

For T € gs(S), the GT-lifting of |= is the relation 9" C P(F) x P(F) defined
by Ny |:gT Ny if and only if GT(N;) | GT(N,). Note that for sets N of clauses,
GT(N) is independent of T, which implies that |:gT is also independent of T'. In
fact, ):gT is the Herbrand entailment relation =y for sets of first-order clauses
(which in turn is equivalent to the standard (Tarskian) entailment relation =t

for sets of first-order clauses as long as we are only interested in refutations, i.e.,
N En L holds if and only if N =1 L holds). Trivially, the intersection ="' of all

9" for T € gs(S) is again .
T_1:445 g" gT gT T g"
We define the G'-lifting Red® = (Red{ ,Redy ) of Red” with Red{ :
P(F) — P(FInf~5) and Redd  :P(F) — P(F) by ¢ € Red?" (N) if and only if
GT(1) C RedT (GT(N)) and C € IjedgT (N) if and only if GT(C) C RedT (GT(N)).
For every T € gs(S), Red? is a redundancy criterion for FInf™° and
Eu by Thm. 30 of Waldmann et al. [9]. Moreover, the intersection Red” =
Nregs(s) Red? is a redundancy criterion for FInf™® and =y by Thm. 24 of [9].

Lemma 8. Let C =C'Vs# s €F, let 0 be a substitution such that C0 € G.
Let S be a selection function for F, let T' € gs(S) be a selection function for G
such that T(CO) = (S(C))6. Let

'OV s0 350
T

with s6 = s'0 be an equality resolution inference in GInf™T from CO. Then ¢ is
a T-ground instance of an equality resolution inference in FInf™ from C.

Proof. Since s = 5’60, the terms s and s’ are unifiable. Let o be an idempotent
most general unifier of s and s’ such that # = o o 7. Note that by idempotence,
cofl=coccoTr=00T17=040.

Suppose that ¢ is an equality resolution inference in GInf =T from CH. Then
either s % s'6 is selected in CA by T or no literal is selected in C6 by T and
s0 % s'0 is maximal in CO. Since T(CH) = (S(C))0, in the first case s % s’
is selected in C by S, and in the second case no literal is selected in C by S.
Moreover, in the second case, so % s'c must be a maximal literal in Co (if it
were not maximal, then Lo | so # s'o for some other literal Lo in Co, hence
LO = Lot > soT % s'ot = s6 % §'0 for a literal L in C0, contradicting the
maximality of sf % s'8). Therefore

o C'Vsss
Clo

10



is an equality resolution inference in FInf =3 from C. Moreover C’c = C’6, and
by assumption T(C#) = (S(C))0, so . € GT' (). O

Lemma 9. Let C =C'Vt~t' Vs=xs €F,let § be a substitution such that
CH € G. Let S be a selection function for F, let T € gs(S) be a selection function
for G such that T(C8) = (S(C))6. Let

OOV ROV S0~ 50
T OOV RO S0~ 0

L

with s = t0 be an equality factoring inference in GInf™" from CO. Then ¢ is a
T-ground instance of an equality factoring inference in FInf =3 from C.

Proof. Since sf = t0, the terms s and ¢ are unifiable. Let ¢ be an idempotent
most general unifier of s and ¢ such that § = o o 7. Note that by idempotence,
cofl=coccoTr=0o017=040.

Suppose that ¢ is an equality factoring inference in GInf =T from C#. Then
no literal is selected in C8 by T, and since T(C0) = (S(C))0, this implies that
no literal is selected in C' by S. Furthermore s ~ s’ must be a maximal
literal in CH, which implies that so = s'c must be a maximal literal in Co.
Finally, we know that s > s'6, hence so A s'o (since so < s'o would imply
s0 = sot % s'or = §'0). Therefore

, C'Vitmt' Vs s
. =
(C'Vs &tVs~t)o

is an equality factoring inference in FInf™ from C. Moreover (C'Vs #&t'Vs =
thod = (C'"Vvs % t' Vs~ t)0, and by assumption T(CH) = (S(C))0, so
Legr()). O

Lemma 10. Let D = D'Vt =t and C = C'V [7]s = s’ be two clauses in
F; let 0, and 05 be substitutions such that Df; € G and C8, € G. Let S be a

selection function for F, let T € gs(S) be a selection function for G such that
T(C’Ol) = (S(C))91 and T(D02) = (S(D))02 Let

. D0y V thy =~ t'0y C'0, v [_\] s61 [’U]p ~ s'0;
o D/GQ V C’01 \Y [_\} 591 [tlog]p =~ 5’01

with t0; = v = sb1|, be a positive or negative superposition inference in GInf~T
from D0y and C6,. If p is a position of s and s|, is not a variable, then ¢ is a
T-ground instance of a superposition inference in FInf™° from D and C.

Proof. We consider the case of negative superposition inferences, the proof for
positive superposition inferences is similar.

Let p = rename(D,C), then Dp and C are variable-disjoint. Define the
substitution § by x6 = x6, if x is a variable of C and zf = zp~ 16, if z is a
variable of Dp. Clearly C = C6; and Dpf = Dpp~105 = Dbs.

11



Assume that p is a position of s and that s|, is not a variable. Let u = s],,.
Then tph = td; = v = ub and we have s6 = s6[v], = s8[ub], = (s[u],)0 and
sO[t' pb), = (s[t'p]p)6. Since tph = uf, the terms tp and u are unifiable. Let o be
an idempotent most general unifier of ¢tp and u such that § = o o 7. Note that by
idempotence, cof =cocorT =007 =280.

Suppose that ¢ is a negative resolution inference in GInf =T from D@ and C4.
Then either s6 # s'6 is selected in C8 by T or no literal is selected in C86 by T
and s % s'6 is maximal in C6. Since T(C0) = (S(C))0, in the first case s % '
is selected in C' by S, and in the second case no literal is selected in C' by S, and
moreover, in the second case, so % s'c must be a maximal literal in Co.

Similarly, no literal may be selected in Dpf by T and tpf ~ t'p must be
strictly maximal in Dpf. Since T'(Dpf) = (S(D))pb, this implies that zno literal
is selected in D by S and that tpo =~ t' po must be a strictly maximal literal in
Dpo.

Finally, tpf = t'pf, s[u]d = s'0, and Dpf #c CO, from which we conclude
that tpo A t'po, s[ulo A s'o, and Dpo ¥c Co.

Therefore , , , ,

, D'vt=t C'Vsul, # s
— (D'pvCTVs[tpl, # )0

is a negative superposition inference in FInf =3 from D and C. Moreover Dpb =
Dby and thus T'(Dpf) = T(Db2) = (S(D))02 = (S(D))ph, CH = CH; and thus
T(CO) = T(CH) = (S(C)f; = (S(C))8, and (D'pV C" V s[t'p] % s')ob =
(D'pV C'V s[t'p] % s")0 = (D0 v C'0y V s61[t'02] # s'01), s0 0 € GT (). O

Lemma 11. Let N CF. Let S be a selection function for F and let T € gs(S)
be a selection function for G, such that for every D € GT(N) there exists some
C € N and a some substitution 0 such that D = C6 and T'(D) = (S(C))60. Then
GInf ™" (G"(N)) € G" (FInf™*(N)) U Redy (g" (N).

Proof. Let ¢ be an inference in GInf™7 from premises D,,,...,D; € GT(N)
(with n € {1,2}). By assumption, there exist C,,,...,C7 € N and substitutions
91' such that Di = 0191 and T(Dl) = (S(Cl))el

If ¢ is an equality resolution inference with premise D; = D’ V v % v’, then
C1 must have the form C’V s % s’ with C'0; = D', s6; = v, and s'6; = v'. By
Lemma 8, c € GT (/') for some ¢/ € FInf™%(N).

If + is an equality factoring inference with premise D1 = D' Vv = v' Vv ~ v,
then C7 must have the form C'Vt~t' Vs~ s with C'0; = D’, s0, =t = v,
6, =/, and s'6; = v”. By Lemma 9, ¢ € GT(//) for some / € FInf™°(N).

Otherwise, ¢ is a positive or negative superposition inference with premises
Dy = Dy Voo and Dy = D}V [-]u[v], = «. Then C and C; must have
the form Co = C4 Vi~ ¢ and C1 = C{ V [1]s = s’ with C4fy = Dj, 105 = v,
t'02 = ', and C10; = D, s01 = u[v],, 01 = u'.

If p is a position of s and s|, is not a variable, then + € GT (/) for some
/' € FInf~*(N) by Lemma 10.

Otherwise let p’ be the longest prefix of p that is a position of s and let

/A1

p =p'p”. The subterm s|,, must be a variable z. Define the substitution 6] by

12



x0] = x6:1[v'], and y8] = yb for every variable y of Cy different from z. Clearly,
C10 € GT(N), and since v = v’ we have z6; = 6, [v]prr = x61[v']pr = x6] and
thus Dy = C160; ¢ C10]. Furthermore, we already know from the definition of
superposition inferences that Dy »¢ Dy. We will show that C4 67 and D5 entail the
conclusion D5V Di V=] u[v'], & ' of ¢: Suppose that C167] and Dy = DjVu ~ '
hold in some interpretation. If D) holds, then the conclusion holds trivially.
Otherwise, v =~ v" holds in that interpretation, then z6; [v],» ~ z61[v'],~ holds
by congruence, and since z6; = z0[v],» and z#] = x6,[v'],, we know that
261 = x6] holds. Moreover, yf; = y#7 holds for every variable y different from z.
Since C16] holds in the interpretation by assumption, congruence implies that
C1601 = D} V []u[v], = v holds in the interpretation. Once more by congruence,
DV [=]uv'], ~ «' holds, so the conclusion of ¢« must hold as well. Therefore, the
conclusion of ¢ is entailed by €16} and Dy; both clauses are contained in G7(N)
and smaller than the right premise of ¢; so ¢ € Red; (GT(N)). O

By Lemma 31 of Waldmann et al. [9], we get immediately:

Lemma 12. Let N CF. Let S be a selection function for F and let T € gs(S)
be a selection function for G, such that for every D € GT(N) there exists some
C € N and a some substitution 6 such that D = C0 and T(D) = (S(C))0. If N
is saturated w.r.t. FInf™° and RedgT, then GT(N) is saturated w.r.t. GInf™"
and Red” .

From this, static refutational completeness of (FInf =5 Red") follows by
choosing an appropriate selection function 7' € gs(5) for a given saturated set N:

Theorem 13. (FInf>"S, Red") is statically refutationally complete.

Proof. Let N C F be saturated w.r.t. FInf>’S and Red". Suppose that 1 ¢ N.
We define a selection function T' € gs(S) as follows: If there exists a C € N
such that D = C#@ for some 0, we set T'(D) = (S(C))8 for some C € N with
this property; otherwise we set T'(D) = (S(C))f for an arbitrary C' € F such
that D = C6. Since N is saturated w.r.t. Flnf>‘s and Red"', N is saturated
w.r.t. FInf™" and Red9" . So, by the previous lemma, G7(N) is saturated w.r.t.
GInf~" and Red”. Since L ¢ GT(N), the static refutational completeness of
GInf™7 implies GT(N) B {1} = GT({L}), hence N 9 {1}, and hence
N l?éH 1. O

The quantification over all T' € gs(S) in the definition of Red” looks rather

T
complicated. We observe, however, that Redg doesn’t depend on T anyhow,

so that Red} agrees with RedgT for an arbitrary 7. For Red}, restricting to a
single T' € gs(S) globally does not work, but we can at least restrict ourselves to
a single T' € gs(S) per pre-instance. We need two simple lemmas:

Lemma 14. Let ¢ be an inference in FInf™° let ' be a pre-instance (C10,Cob)
or (Capd,C10,Co0) of v. Let T, T" € gs(S) be two groundings of S that agree on
C10 (or Capf and C10, respectively). Then ' € GT (1) if and only if /' € G (1).

13



Proof. Since T and T” agree on C16 (and Capf), we know that +/ € G7 (1) if and
only if o/ € GInf™" and analogously ./ € G7' (1) if and only if // € Glnf>"T/. The
side conditions of all ground inferences depend only on the ordering (which is the
same for GInf™" and G]nf>’T/) and the selected literals in the premise(s) C10
(and Cyp0), which are the same by assumption. So ¢ is an inference in GInf™T
if and only if it is an inference in GInf =T a

Lemma 15. Let N C F, let © be an inference in FInf™5(N), let ./ be a pre-
instance of v. Let T, T' € gs(S) be two groundings of S such that (' is contained in

both GT (1) and GT'(1). Then ¢ € Red! (GT(N)) if and only if// € Red! (GT'(N)).

Proof. First, we observe that the definition of G7 (V) does not depend on T, so
that GT(N) = GT'(N). So the set M of all clauses in G (N) that are smaller
than the right (or only) premise of ' agrees with the set M’ of all clauses in
gr (N) that are smaller than the right (or only) premise of /. Consequently
V' € Red} (GT(N)) if and only if M k= concl(s') if and only if M’ = concl() if
and only if /' € Red?/(gT/ (N)). O

We can now show that Red}' is in fact equivalent to the classical definition
from [3] (in a slightly rephrased form):

Theorem 16. For any inference v € FInf™° of the form (C1,Cy) or (Ca2,Cq, Co)
and for any pre-instance ' of v of the form (C16,Cy0) or (Copf, C10,Cy0) let
inherit(S,¢,:") be an arbitrary but fixed selection function T € gs(S) such that
T(C10) = (S(C1))0 (and T(Capl) = (S(C2))ph), if such a selection function
exists. Let inherit(S, ¢,¢") be undefined otherwise.

Then an inference « = (Cy, Co) € FInf™° is contained in Redf (N) if and only
if every pre-instance ' is contained in Red: (GT (N)) whenever T = inherit(S, ¢, ')
is defined and (' is a T-ground instance of t.

Proof. Let « € FInf™° be contained in Red[ (N) = N7 eces(s) RedIgT (N). Then

L€ RedIgT (N) for every T' € gs(S). Now assume that T = inherit(S,¢,¢") is
defined and that ¢’ is a T-ground instance of ¢. Then T € gs(S), so ¢ € RedIgT (N),
and hence ' € GT(1) C Red] (GT(N)).

Conversely assume that every pre-instance ¢/ is contained in Red{ (GT (N))
whenever T = inherit(S,¢,¢’) is defined and ¢’ is a T-ground instance of ¢. We
have to show that ¢ € Red}'(N), which is equivalent to ¢ € Red?Tl (N) for every
T’ € gs(S). Choose T" € gs(S) arbitrarily. We now have to show that G7 (1) C
RedIT/(gT/ (N)), which means by definition that every T’-ground instance of ¢ is
contained in Red;f/(gT/ (N)). Let ¢ be a T'-ground instance of ¢, then T"(C10) =
(S(Ch))0 (and T'(Capl) = (S(C2))ph), so T = inherit(S, ¢, ¢"") € gs(S) is defined.
Since T(C10) = T'(C10) = (S(C1))8 (and T(Caph) = T'(Capf) = (S(C2))pb),
we know by Lemma 14 that ./ is a T-ground instance of . By assumption,
V" € Red? (GT(N)), so by Lemma 15, ./ € RedIT’(QT/ (N)) as required. O
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The function inherit(S, ¢, ") is undefined if the selections of the premises of
¢ are contradictory for the pre-instance ¢/. For instance, consider the clauses
Co=(—fla)=bV fy)=y)and C; = (- f(z) = bV f(r) = a), where S selects
the first literal in C; and nothing in Cy. Then there is a Negative Superposition

inference ¢
~fla)=bvfly =y ~fl)=bV f(z)=a
—“fla)=bV f(z)maV-x=xb
in which the maximal second literal of C5 and the selected first literal of Cy are
overlapped.
For the pre-instance ¢/
~fla)=bVv fla)mra —fla)=bV f(a)~a
- fla)=bV f(a) ®aV-a=xb

of ¢ there is no selection function 7" such that T'(C10) = (S(C1))0 and T(Capf) =
(S(C2))pb, since C10 = C2p0, but (S(C1))8 # (S(Ca))pb. (In fact, ' violates the
ordering restrictions of Negative Superposition, so it is not an inference for any
selection function.)

To see that restricting to a single T' € gs(S) globally does not work, consider
the clauses Co = (= f(z) =~ g(a,2") V f(f(z)) = g(a,2’)) and C1 = (= f(y) =
9, a)V f(f(y)) = g(y',a)), where S selects the first literal in Cy and nothing
in Cy and the term ordering > is an LPO with precedence f > g > a. There is a
Negative Superposition inference ¢

~f(@) = g(a,2") vV f(f(@) = gla,2")  —fly) =g(y.a)V f(f(y) =gy, a)
- f(@) = gla,2") vV —gla,a’) = g(y',a) V f(f(f(2)) = g(y',a)
in which the maximal second literal of Cy and the selected first literal of C; are

overlapped.
Now consider the pre-instances ¢q

~ fla) = gla,a) vV f(f(a)) = g(a,a)
~ f(f(a) = g(a,a) vV f(f(f(a)) ~ g(a,a)
ﬁf<a) ~ g(a,a) \ jg(ava') ~ g(a,a) \ f(f(f(a)» ~ g(a,a)

and o

~f(f(a)) = g(a,a) vV f(f(f(a))) = g(a,a)
~f(f(f(a) = g(a,a) V f(f(f(f(a)))) = g(a,a)
~f(f(a)) = g(a,a) V —g(a,a) = g(a,a) v f(f(f(f(a)))) = g(a,a)

of ¢. The ground clause D = (= f(f(a)) = g(a,a) V f(f(f(a))) =~ g(a,a)) occurs
in ¢; as a ground instance of C; and in ¢ as a ground instance of C5. Since the
selection in the ground instances of C'; and Cs must correspond to the selection
in C7 and C5 themselves, this means that for ¢; the first literal in D must be
selected and for t5 no literal in D must be selected. Consequently, the selection
functions for ¢; and ¢ must be different. (In fact, ¢; is a Tj-instances of ¢ with
T; = inherit(S, ¢, ¢;) for both i = 1,2.)
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